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DO BUC THAI (T8ng Chui bién kiém Chu bién)
PHAM XUAN CHUNG - NGUYEN SON HA — NGUYEN THI PHUGNG LOAN
PHAM SY NAM — PHAM MINH PHUONG

BAI TAP

TAP MOT

NHA XUAT BAN DAI HOC SU PHAM CONG TY CO PHAN DAU TU
XUAT BAN — THIET Bl GIAO DUC VIET NAM
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L0i noi dau

Sach Bai tip Toan 11 (gom 2 tip) duge bién soan tuwong thich véi sach
gido khoa Toan 11 (Téng Chu bién kiém Chu bién — GS. TSKH D& Dirc Thai).
Nbi dung hai cuén sach hudng dén tao co héi hinh thanh va pht trién nang luc
toan hoc, phat huy himg thu hoc tép, tinh chu dong va tiém ning ctiia mdi hoc
sinh; bao dam tinh tich hop, phan hoa trong day hoc bé mén Toan.

Noi dung méi bai trong sach dugc thé hién qua cac phan: Kién thic can nhd
— Vi du — Bai tép.

Céc bai tap co ban gom nhimg bai tap gitp hoc sinh cing b, két nbi cac kién
thire ¢t 181, trong tm duoc hoc trong mdi chu dé. Ngoal ra, co nhung bai tap
néng cao (dugc danh dau *) & mu'c d6 van dung phat trién va gan voi mot sé
{ing dung cua toan hoc trong doi séng. Qua do tao co hdi dé hoc sinh ning cao
dan nang luc tu duy, van dung giai quyét van dé va hinh thanh niém yéu thich
moén Toan. Nhitg bai tap do ciing cung cip tu lidu dé cac thay ¢ gido day hoc
phan hoa, boi dudng hoc sinh kha, gioi.

Cac tac gia hi vong sach co thé giup hoc sinh hoc t6t méon Toan theo dinh
hudng phit trién ning luc, dong thoi hd tro tai liéu cho cac thay c6 gido, cha me
hoc sinh nhim tham gia vao viéc nang cao kha ning tu hoc, tu thuc hanh giai
quyét van dé ¢ 16p, 6 nha cho hoc sinh.

Mic di di ¢6 nhiéu ¢6 ging trong khi bién soan, song cudn sach kho tranh
khoi so sut, rat mong nhan dugc su gop y cua dong dao ban doc dé cudn sach
dugc hoan thién hon trong cac lan tai ban sau.

Moi ¥ kién dong gop xin giri vé: Cong ty C6 phin Dau tu Xuét ban — Thiét
bi Gido duc Viét Nam, ting 5, toa nha hén hop AZ Lam Vién, 107 A duong
Nguyén Phong Sic, phuong Dich Vong Hau, quan Cau Gidy, TP. Ha Néi.

Xin chan thanh cam on.
Cic tic gia
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HAM SO LUGNG GIAC VA

PHUONG TRINH LUONG GIAC

51 GOC LUONG GIAC. GIA TRI LUGNG GIAC
CUA GOC LUONG GIAC

A. KIEN THUC CAN NHO
1. Quan hé giira hai don vi do goc: do va radian

+180° = mrad.

e 1rad :(@j ~57°17'45"va 1° = (L)rad ~ 0,0175 rad.
T 180

2. Géc lugng giac va s6 do ciia ching

+ Cho hai tia Ou, Ov. Néu tia Om quay chi theo chiéu duong (hay chi theo chiéu am)
xuat phét tir tia Ou dén trung véi tia Ov thi ta n6i: Tia Om quét mét goc luong gide
Vi tia dau Ou va tia cudi Ov, ki hidu 1a (Ou, Ov). Mbi goc luong giac géc O duge

xéc dinh boi tia dau Ou, tia cudi Ov va sb do ctia goc do.

« Néu mot goc luong gidc co s6 do o (hay « radian) thi moi goc luong gidc
c6 cung tia dau, tia cudi voi goc luong gidgc do co sé do dang: a° + k360°

(hay e + k2m), voi k 1a s nguyén, mdi goc tng voi mot gia tri cuia k.
* H¢ thirc Chasles
Véi ba tia tuy y Ou, Ov, Ow, ta co:

(Ou, Ov) + (Ov, Ow) = (Ou, Ow) + k2w (k € 7).

3. Gia tri lwong gidc cia goc lwong giiac
Trong mit phing toa dé da dugc dinh huéng Oxy, liy diém A(1 ; 0). Puong tron
tam O, ban kinh O4 = 1 dwoc goi la dwong tron lwong giac gc A.
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a) Pinh nghia: Vi mdi goc lwong giac a.
ly diém M trén dudng tron luong giac sao
cho (04, OM) = a (Hinh 1).

Gia st M co toa do (x : ). Taco:

cosa=x;, sina=y,

Hinh 1

S X%
tana:—=-“‘i(cosa:x¢0); cotar =— =— (sina=y#0).
cosa  x sinay

sina cosa

Chit y: Déu cua cac gia tri lugng giac cta goc a =(0A, OM) phu thude vao vi
tri diém M trén duong tron luong giac (Hinh 2). Bang xac dinh diu cua cac gia tri
luong giac nhu sau:

: »
Goc phan tu B
Gia o lrone piae O R | o 1
cosa et - = =F A H\A
o
sina + |+ | -] - 4 iy o
Ki----- M
tan + — + -
il B v
cota + - 17 - Hinh 2
b) Tinh chit
o cos’a +sin’a = 1 v6i moi «a; o tana . cota =1 voi cosar #0, sina #0;

1 1

2 o s

el +tan"a = 5 voicosa#0; el +cot?a = —— vOisina # 0.
cos"a sm-a

4. Gia tri luong giac cia cac goc cé lién quan dic biét

« Hai goc dbi nhau (& va — a): « Hai goc hon kém nhau 7 (@ va o + 7):
sin(— o) =—sina; sin(a +m) =- sina;

cos(— a)=cosa; cos(a+m)=—cosa;

tan(— o)=—tana ; tan(a + ) = tana;

cot(— &) =— cota. cot(a+m)=cota.

6
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» Hai géc bu nhau (@ va n — a): « Hai goc phu nhau (o va E_a):

sin(n—a)=sina; (
sin E—a =cosa:

cos(m—a)=— cosa:

b .
tan(n—a)=- tana; cos(z—aj=sma
SAL(R—~ ) =— o0t tan| *— & | = cotas

2

cot E—a =tana.
2

B.VIDU

Vin dé 1. Géc huong gidc

Vidu 1 | a) Goi My, My, My, M, 1a cac diém trén duong tron luong giac sao cho
s6 do cuia cac goc lwong gide (04, OM,). (OA. OM,), (OA, OMj). (OA4, OM,) lan
luot bing g; _%; 10m, 31% 6 nhan xeét gi vé vi tri cic diém M, My, My, M,?

373
b) Goi M, N, P la cac diém trén duong tron lugng gidc sao cho sé do cta cac goc
lugng gide (OA, OM), (O4, ON), (OA, OP) lan lugt bing %; 7?“; ‘%‘ Chimg minh

rang tam giac MNP la tam giac déu.
Giai
o lln =w b 3l w m R "
a)Taco: ———=——dn=—-2.2m ——=—+10n=—+5. 2 Viy ba dicm M,
3 3 3 3 3 3
M,, M, tring nhau.

10 " ; P "
Ta co: Tn—g =3n=mn+2m Vay diém M; doi xtmg véi diém M, qua goc O.

b) Trén duong tron lugng gidc, di theo chidu duong tur vi tri A, thir tw cac diém lan
— 2
lwot 1a M, N, P va MON = NOP = POM = Tﬂ . Ngoai rata ¢6 OM = ON = OP.

Suy ra MN = NP = PM. Viy tam giac MNP la tam giac déu.
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Vién dé 2. Gia tri luong gidc ciia goc lugng giac

Vi dyu 2 | Tinh cac gia tri lwong giac ctia mdi goc sau:
i n
a)S+kan (keZ), b)5+kn(keZ).
Giai

a)sin(E+k21r)=sin£:£; cos(£+k2nj=cos£ l:
3 3 2 3 3 2

tan(E + k211:) = tanE = \/5; cot(E+k2nJ = cotE = L
3 3 3 3 3

b) tan [g+k7t) khong xac dinh; cot(§+kn) = cot%: 0.

e Véik=2l(leZ):

sin E+k7t =sin £+[27t :sin£=l;cos £+kn]:cos[£+12nj:cos£:0;
2 2 2 2 2 2

e Voik=20+1(l€Z):

sin(5+k7t =sin[£+ n+121rjzsin31=f I

2 2 D

cos[lﬁmj=cos(£+n+12nJ=cos3—n=0;
2 2 2

Vén dé 3. Ap dung tinh chit ciia gia tri lwong gidc
Vidy 3 | Tinh cac gia tri lugng giac con lai ctia goc e, biét tan o = 3véi— m < o < 0.
Giai

N 1
nén cotax=—=
tan

(SR

1
Do tana =
cot

; 9
Ta co: 5 =1+cot2a=1+iﬁ=9 nén sin’@=— Ma —m<a<0 nén
sin” o 3 9 10
sina <0.
8
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3 310

Do do, sing =——=—-——
J10 10

. , sina sina V10
Mit khac, tana = nén cosa = =
cosa

tana 10
Vin dé 4. Gia tri luong gidc clia cac goc c6 lién quan dic bigt
Vidu 4 | Tinh:

a) A=sin>5°+sin>10°+sin>15°+...+sin>85° (17 sé hang).

b) B =cos 5°+cos10%+cos15°+...+cos175° (35 s6 hang).

Giai

a)Van dung sin(90°—a)=cosa, ta co: sin85°=cos5°, sin80°=cos10°,
sin 75° =cos15°, ..., sin 50° = cos 40°.
Vay
A= (sin2 5°+cos® 5°)+(sin2 10°+cos? 10")+4..+(sin3 40° + cos> 40°)+sin3 45°

=]+1+...+1+(g] ")

i 2"
856 1

b) Van dung cos(180°—a) =— cosa tacd: cos175° = - c0s5°,c08170° = — cos10°,

c0s165° =— cos15°, ..., c0s95° =— cos85°.
Vay B =(cos5° +¢c0s175°) +(cos10° +cos170°) +...+(c0s85° + c0s 95°) + cos 90°

=0+0+...+0+ cos90° =0.
-
17561

Vin dé 5. Ung dung

Vidu 5 | M6t vé tinh dugc dinh vi tai vi tri 4 trong khong gian. Tu vi tri 4, vé tinh
bit dau chuyén dong quanh Trai Dat theo quy dao la dudng tron voi tim la tim O
ctia Trai Dat. Gia sw vé tinh chuyén dong hét mét vong cuia quy dao trong 2 h theo
chiéu kim dong hd. Khi vé tinh chuyén dong duoc 3 h, ban kinh ctia vong quay quét
mét goc lwgng giac c6 sé do bing bao nhiéu? (Tinh theo don vi radian).
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Giai

Theo gia thiét, vé tinh chuyén dong theo chiéu kim ddng hd nén sau 2 h, ban kinh cia
vong quay khi vé tinh chuyén dong quét dugc mét goc luong giac bang — 27 (rad).
Viy khi vé tinh chuyén dong duoc 3 h thi ban kinh cia vong quay quét duge mot
goc luong giac bang — 37 (rad).

C.BAITAP

1. Trén duong tron lugng gidc lay diém M sao cho (OA, OM) = 40°. Goi M~ déi
ximg voi M qua géc toa do. Khi do s do ctia goc lugng giac (OA, OM ") bang:

A.40°+%360°.  B.140° +£360°.  C.220° + £360°. D. 50° + £360°.

2. Cho cosa =-§ Vi §< a < 7. Khi do, tane bang:

b B 3 c 2L gy 2L
5 2 2 5
3. Cho tana+cota =2. Khi d6, tan> & + cot> & bing;
A. 8. B. 4. C. 16. D.2.
4. Két qua thu gon cua biéu thirc
A =sin(m+x)+cos (g—x) +cot(2n—x)+tan (%ﬁi— x] la:
A. —2cotx. B. 2tan x. C. 2sin x. D. - 2sinx.

sin? ¢ —2sina . cosar

2

5. Cho tana =2 Khi do gia tri ctia biéu thie A= 3
cos” a+3sin“ a

bang:

A. 4. B. 0. C. 1. D. 2.

6. Cho luc gidc déu ABCDEF ndi tiép trong duong tron luong giac (thi tw di tur
A dén cac dinh theo chidu nguoc chidu kim déng hd). Tinh s6 do cua cic goc
lwong giac (OA4, OB), (OA, OC), (OA, OD), (OA, OE), (OA, OF).

; 1_..
7. Cho sina =§ Vo1 o e(g : 7\:). Tinh cosa, tane, cota.

10
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8. Cho cotx:~3,§<x< 7. Tinh sin x, cos x, tan x.

9%, Chumg minh ring;
a) sin? x+cos? x=1-2sin> xcos” x;
b) sin® x+cos® x =1—-3sin> xcos” x.
10. Cho tan x = — 2. Tinh gi4 tri cia mdi biéu thic sau:
_ 3sinx—5cosx 2sin? x—3sin xcos x—cos> x

L : b) B= —
4sin x+cos x Sin~ x+ SN xXCOoS X

a) 4

11. Tinh:

T 23m 2 5m 2 7m
a) A=cos” —+cos” —+cos” —+cos” —;
8 8 8 8

b) B :sin§+sin2?"+m+sin9?n (26m 9 s6 hang);

¢) C=tanl®. tan2° . tan3°. ... tan89° (gom 89 thira sd).

12. Chimg minh ring trong tam gidc ABC, ta co:

a)sin B =sin(4 + C); b) cos C =—cos(4 +B +2C);,
. A B+C A+B-2C 3C

) sin—=cos b d) tan————— =cot—.
2 2 2 2

13*. Cho sina +cosa =§ Vo1 —g <a<0. Tinh:
a) A=sina . cosa; b) B=sina—cosa
C)C=sin3a+cos3a; d)D:sin4a+cos4a.

14. Mot vong quay Mt Troi quay mdi vong khoang 15 phat. Tai vi tri quan sét,
ban Linh thiy vong quay chuyén dong theo chiéu kim dng ho. Khi vong quay

chuyén dong dugc 10 phut, ban kinh cua vong quay quét mét goc luong gidc co
s6 do bang bao nhiéu? (Tinh theo don vi radian).
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§2 ' CAC PHEP BIEN POI LUGNG GIAC

A. KIEN THUC CAN NHG

1. Cong thirc cong

sin(a + b) =sina cos b + cosa sinb;
cos(a +b)=cosacosb —sinasinb;
tan (a + b) = tana+tanb :
1-tanatanb

(khi cac biéu thuc déu co nghia).
2. Cong thirc nhan do6i

sin2a = 2sina cos a;

tan 2a= 72 tan f
1-tan” a
3. Cong thirc ha bac

2 1+cos2a .
cos a=T,

4. Cong thirc bién ddi tich thanh téng

1
cosacosh = Py [cos(a + b) + cos(a—b)];

1
sina sinb = ~ [cos(a + b) —cos(a—b)];

1

sina cosbh = 5 [sin(a + b) + sin(a — b)].

5. Cong thirc bién di téng thanh tich
u+v u—v

/)
cosu+ cosv= ZCOSTCOST’

v WER o W=8
cosu— COSV=—251H—SIH-TZ

12

Poc ban méi nhét trén hoc10.vn

sin(a — b) =sina cosb — cosa sinb;

cos(a—b)=cosacosbh +sinasinb;
tan (a — b) = tana—tanb
l+tanatanb

2 e 2
cos2a=cos“a—sin‘a,

(khi cac biéu thire déu c6 nghia).

A 1-cos2a
sin“g=———

(+V  u—v,
cos 3

2

. . Ll
sinu + sinv = 2sin

UTV . U=V

sinu — sinv=2cos sin 5

Ban mau
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B.VIDU
Vién dé 1. Tinh gid tri ciia cic biéu thic chira gia tri lugng gidc
Vidu 1 | Cho tan (a + b) =3, tan (a — b) = 2. Tinh tan 2q, tan 2b.
Giai
Ta c6: tan2a =tan[(a+b)+(a—b)| = 1t—a:a(na(a+i)b;tinaia(;2) = li; ?2 =i
tan(a+b)—tan(a—b) 3-2

1
tan2b =tan(a+5)~(a~b)] = 1+tan(a+b) . tan(a—b) “143.2 7

Vidu 2 | Cho sina =i4 Tinh cos 2a, cos 4a.
NS
Giai
Ta co: 0052a=1—2sin2a=1—2.§=—3;
2
cosda=2cos>2a-1=2. —i —1=—l.
3 25

7 1
Vidu 3 | Cho cos 2x = 3 Tinh:

A=cos| x+= |cos x—E; B=sin(x+£)sin(x-£).
6 6 3 3

Giai

PR W S EGRE o FOT A |
(oszx+wszJ=;e+a=s
s+ i x-2) Lo 2 (e oo (4+2) (-2

1 (1.1
—| cos2x—cos— [=——| —+—
2( ) 2(4 2

L
2



Vién dé 2. Ung dung

Vidu4 | Mot soi cap R dugc gin vao mot A
c6t thing dung & vi tri cach mat dat 14 m. Mot B
soi cap S khac ciing dugc gin vao ¢t do ¢ vi
tri cach mat dat 12 m. Biét ring hai soi cap
trén cing dwoc gin voi mat dit tai mot vi tri

12
cach chan ¢ot 15 m (Hinh 3). -
a) Tinh tan a, & d6 o 1a goc gitra hai soi cap trén. [ &
b) Tinh s6 do goc a (lam tron két qua dén hang H I5m 0
don vi theo don vi do). Hinh 3
Giai
a) Ta co: o =AOH —BOH .
—— AH 14
Trong tam giac vudng AOH, tan AOH =——=—.
OH 15
Trong tam giac vuéng BOH, tan BOH = ﬁ = E = i
OH 15 5

14 4

Vay tana=tan(141/0-?f—ﬁ[)= tanAO/H\—tanBO/I_-I\= 15 5 =£.

l+tan AOH . tan BOH 1,14 4 131
1575

b) Tur két qua cau a ta co: o ~ 4°.

C.BAITAP

15. Cho hai goc a va b véi tana =»;— va tanb =—Z—. Khi do, tan(a + b) bang:
17 17
-— C.

Al . s — D. -1
31 31
oo L T e o s LA
16. Néu sina =— v6i 0 <o <— thi gia tri cia cos| o +— | bang:
NS 2 3
J6 1 J6 1
A ———. B. /6-3. C. —-3. D. ——
6 2 J_ 6 \/— 2
17. Néu sina -2 thi gia tri cta biéu thirc P = (1—3cos 2a)(2+ 3cos 2a) bang:
A B2 c B p. 1
9 9 9 9
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18.

19.

20.

21.

22.

23;

24.

26.

27.
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Chon ding thire ding trong cac ding thirc sau:

. 3—cos4x " 3+cos4x
A. sm4x+cos4x=74 . B. sm4x+cos4x:74 .
. 3+cos4dx . 3—cos4x
c sm4x+cos4x:f D. sm4x+cos4x:#A

Rut gon bidu thire cos(120° — x)+cos(120°+ x)—cos x ta duoc két qua la:

A. — 2cos x. B. — cosx. C.0. D. sin x —cos x.

¢ 3 _— s
Néu cos a =— thi gia tri ctia cos 7“005% bang:
23
.— B U C. l D. E
16 5 16 8
Néu cosa = TS thi gid tri cia biéu thirc 4= 4sin[a+§)sin(a—§) bang:

11 11 1 1
A —. B. —. C. —. D. —.
9 9 9 9
. 1 -2 <
Néu cosa=§, sinb =T thi gid tri cos(a+ b)cos(a—b) bang:
e 1 b. 24 2 D. %,
3 3 3 8
. T ST
sin—+sin—
Gid trj ctia biéu thae p= — 2 9 bang:

T Sn
COS*‘FCOS?

AL . C. 3. D. -3,
NG V3

2 i i in3. £

Rt gon biéu thirc 4= gL x+8in 2+ sim 3x ta duoc két qua la:

€0s x+cos 2x+cos3x

A. tanx. B. tan3x. C. tan2x. D. tan x + tan 2x + tan 3x.

. Cho sina=§ vai §<a<n.Tinh:

a) cosa, tana;

. T S5n 2n
b)sin| a+— | cos| a—— | tan| a+— |,
4 6 3

¢) sin2a, cos2a.

Cho cosa=0,2v61 n<a<2n. Tinh sin%, cos%, tan%.

Cho tan% = L . Tinh sin a, cos a, tan a.

NG
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28. Cho cos(a + 2b) = 2cos a. Chimg minh ring: tan(a+b)tanb = e

29* Cho tam giac ABC, chimg minh rang:
a)tand + tanB +tanC = tan4 . tanB . tanC
(voi diéu kién tam giac ABC khong vuéng);

b) tané . tan§+tan§ y tzm£+tang . ta.nézl;
2 2 2 2 2 2
30. Trén mot manh dat hinh vuong ABCD, bac An dit D N c

mot chiéc dén pin tai vi tri A chiéu chum sang phan
ki sang phia goc C. Bac An nhan thiy goc chiéu sang
cta den pin gioi han boi hai tia AM va AN, & d6 cac
diém M, N lan luot thudc cac canh BC, CD sao cho

BM = %BC, DN = %DC (Hinh 4).

M

a) Tinh tan(BAM + DAN). 4 e
i

b) Géc chiéu sang ctia dén pin bing bao nhiéu d6?

§3 HAM SO LUONG GIAC VA PO THI

A. KIEN THUC CAN NHO

1. Ham s chin, ham s6 1&

Cho ham s6 y = f{x) voi tap xéc dinh D.

« Ham s6 y = f{x) dugc goi 1a ham 56 chéin néu Vx € D thi —x € D va fi—x) = fx).
« Ham s6 y = fix) duoc goi 1a ham 56 lé néu Vx e D thi —x € D va fl—x) = — f{x).
D6 thi ham s6 chin nhan truc tung lam truc di xtmg, do thi ham s6 1¢ nhan géc toa
do6 lam tam doi xing.

2. Ham s6 tuén hoan

Cho ham sb y = f{x) v6i tap xéc dinh D. Ham sb y = fix) dwoc goi 1a tudn hoan néu
ton tai mot s6 7' khac 0 sao cho véi moi x € D, ta co:

*x+TeDvax-TeD;

flx + 1) = 1),

S6 T duong nho nhét (néu c6) thoa mén cac tinh chét trén dugc goi la chu ki cua
ham s6 tuan hoan do.

16
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3. Mot s6 ham s6 lugng giac co ban
a) Ham s6y= sin x
« Ham séy = sin x ¢6 tap xac dinh la R; tap gia tri la doan [—1; 1].
« D4 thi ham s6 y = sin x duoc biéu dién ¢ Hinh 5:
y
1

T -

“3n % ; 0
2 i

-1
2n

Hinh 5

« Tinh chit: Ham séy =sin x1a ham s 1¢, c6 dd thi d6i ximg qua géc toa do O; tudn
hoan chu ki 27; déng bién trén méi khoang (_£+ k2m; e k2n) va nghich bién
trén mdi khoang [g +k2m; 37"+ anJ VéikeZ.

b) Ham sby = cosx

* Ham séy = cos x ¢0 tap xac dinh la R; tap gia tri 1a doan [—1;1].
« D4 thi ham 56y = cos x duoc biéu dién & Hinh 6:

Poc ban méi nhét trén hoc10.vn Ban mau

Y
1
; Y = COSX,
_5775 -z,rl _32775 =g _JZL 0 ZZL T 3n 2n ‘527t
=1
2n
Hinh 6

« Tinh chit: Ham s6 y = cos x la ham sb chiin, ¢6 do thj déi xtmg qua truc tung; tuan
hoan chu ki 27; dong bién trén mdi khoang (— 7 + k2 ; k2m) va nghich bién trén
mbi khoang (k2n ; m + k2m) voi ke Z.

¥ i
¢) Ham s6 y = tanx
* Ham séy:tanxcé tap xac dinh la
o s 0 s ) 7 ;
D=R\{E+kn|kez}tapgwmla1&- 3n _m O n 3n X
2 3 2 2 2
* D6 thi ham 86 y = tan x duoc biéu dién =
6 Hinh 7.
Hinh 7 17



« Tinh chat: Ham séy = tan x 1a ham s6 1&, c¢6 do thi dbi xung qua géc toa do O,
tuan hoan chu ki m; dong bién trén méi khoang (—g+ km ; g+ knj Vo1 k € Z.

d) Ham s6 y = cotx

« Ham s6 y = cotx ¢6 tap xdc dinh D =R\ {k7t ke Z}; tap gia trila R.

« Db thi ham s6 y = cotx dugc biéu dién & Hinh 8:

¥
- 3n o™ 0O n 3n X
=5 £ 5
n
Hinh 8

. Tiph chat: Ham s6 y = cot x lel' ham sé l~é, ¢6 do thi dbi xtmg qua gde toa do O,

tuan hoan chu ki 7; nghich bién trén moi khoang (kn ; © + k) voi k € Z.
B.ViDy
Vén dé 1. Dua vao dé thi dé tinh gia tri cia ham sb, xét sw twong giao

Vidy 1 Dang db thi ham s6, tim gia tri cta x trén doan [ 27 ; 2] dé:
a) Ham s6 y = sin x nhan gia tri bing 1;  b) Ham s6 y = sin x nhan gia tri bang 0;
¢) Ham s6 y = cos x nhén gid tri bang — 1; d) Ham s6 y = cos x nhén gié tri bing 0.
Giai
Trén doan [ 27 ; 27],

3n w

a) Ham s6 y = sin x nhan gia tri bang 1 véi x € {—7 E}

b) Ham s6 y = sin x nhan gia tri bing 0 véi x €{— 2m; — m; 0; m; 27},
¢) Ham 8 y = cos x nhan gié trj bang — 1 vi x e {— m; n}.
. . 3t m® m 3nm
d) Ha oy= ¢ nhan gia tri bing 0 vé1 xe{——; ——: —; — .
) Ham s6 y = cos x nhan gia tri bang 0 v6i { 3 53 2}
Vidy 2 | Dang db thi ham s6, hiy cho biét:
a) Voimdi m €[—1; 1], c6 bao nhiéu gia tri ae‘: g §:| sao cho sin a = m;

18
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b) Véi mdi m € R, c6 bao nhiéu giatri a e (—g s g) sao cho tana = m.

Gidi

a) S giatri ae |:_§ ) g] sao cho sina = m bing s6 giao diém cua do thi ham sb
y = sin x trén doan |:—; H ;] va duong thing y = m. Cin ctt vao do thi ham sb,
véi méi me[—1;1], c6 ding mot gia tri € |:—§ : g] sao cho sina = m.

b) Sb giatri a e (—g g g) sao cho tana = m bang s6 giao diém cua db thi ham sb
y=tanx trén khoang (—g : g) va duong thang y = m. Can ci vao db thi ham s6,
véi mdi meR, c6 ding mot gid tri a e (—g 3 g) sao cho tana = m.

Vin dé 2. Xét sw dong bién, nghich bién ciia ham s hrong gidc

Vi du 3 | Xét sw bién thién ctia mdi ham s6 sau trén cac khoang tuwong tmg:

Rin 23
a) y = sin x trén khoang (— 977[ g 7_"} (_71: : _n)

2 2 2
b) y = cos x trén khoang (- 207 ; — 197), (— 97 ; — 8m).
Giai
a) Ta co:

.(—9—7[ | ,E)=(, I 4n H £*4T[)_
2 2 2 2

Do ham s6 y = sin x dong bién trén khoang | — g ; gj nén ham s6 do ciing dong

bién trén khoang [— % 7—“)

27 2

. (& i ﬂJ=(£+10n; 3—n+10nj
2 2 2 2 ;

Do ham s6 y = sin x nghich bién trén khoang g ; 3?“ nén ham s6 do ciing

nghich bién trén khoang LB 5 ’23—“
2 2
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b) Ta co:
*(—20m; - 197) = (0 — 207 ; ™ — 20m).
Dq ham s6 y = cos x nghich bién trén khoang (0 ; 7) nén ham s6 do ciing nghich
bién trén khoang (— 207 ; — 197).

*(-9n;-8m)=(—n—8m; 0—8n).

Do ham s6 y = cos x ddng bién trén khoang (— 7 ; 0) nén ham s6 do ciing dong
bién trén khoang (— 97 ; — 8m).

Vién dé 3. Xét tinh chin, 1é ciia ham s6
Vi dy 4 | Xét tinh chin, 1¢ cia cic ham s6:

a)y=sinx.cosx; b)y =tanx + cot x; c)y= sin’x.
Giai
a) Ham s6 y = f{x) = sin x . cos x 1a ham s6 1€ vi:

* Tap xac dinh la D=R.

* VxeR thi—xeR vafl—x) =sin(—x) . cos(—x) =—(sin x . cos x) = —f{x).
b) Ham s6 y = g(x) = tan x + cot x la ham s6 1& vi:

« Tap xdc dinh la D:R\{k%\kez}.

* Vxe D thi—xe D va g(—x) = tan(— x) + cot(— x) = — (tan x + cot x) = — g(x).
¢) Ham 86 y = h(x) = sin” x 1a ham s8 chin vi:

* Tap xac dinh la D=R.
2

* VxeR thi—-xeR vah(-x)= sin’ (—x)=(—sin x)2 =sin” x = h(x).

Vin dé 4. Ung dung

Vi dy 5 | Mot dao dong didu hoa co phuong trinh li o dao dong la:x = A cos (@t + ),
trong do ¢ 1a thoi gian tinh bang gidy, 4 la bién dé dao dong va x la li d6 dao dong
déu duoc tinh béng centimét, @ >0. Khi do, chu ki T cta dao dong la T =2£A

r i R o
Xac dinh gia tri cua li do khi t =0, t=1, I=E, t=%, t =T va vé do thi bieu
diZn li do cia dao dong didu hoa trén doan [0 ; 277 trong truong hop:
a)4=3cm, =0, b)A:3cm,(a=7§; c)A:3cm,(p=§.
20
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Giai

a)Khi4 =3 cm, ¢=0,taco: x=3005(wt)=3cos(?ll)_

Ta c6 bang xac dinh gia tri li do
tai mdt s6 thoi diém va do thi can

V& & Hinh 9: 3
T |71 |37
ado|l=|=|= |17
4 | 2 4
x| 3] 0o [-3] 0 [3]-3

ST 3T
4 2 !
3T T 7T 2T
4 4
Hinh 9

b)KhiA:3cm,go=—£,taco’: x=3cos a)t—E =3cos 2t—l .
2 2 T 2

Ta c6 bang xac dinh gid tri li do
tai mot s6 thoi diém va do thi can

3
vé & Hinh 10: T oar 3T 7T
2 4 2 4 !
tlo L7 BN 7 ol ST 2T
4 |2 4 by %
x| 0 3 o 4V -3 | OIS
Hinh 10

c)KhiA:3cm,(p=E,tacé: x=3cos mt+£ =3cos Et+£ !
2 2 I 2

Ta c6 bang xac dinh gia tri li d6 x
tai mot s6 thoi diém va do thi cin
V& & Hinh 11: 3
7 ST
o T | T | 9% T 4 Vi 27
t el =] G T3T ATIT 1
412 i 2 4 2 4
x| O 310 3 0 —3
Hinh 11
C.BAITAP

31. Tap xac dinh cua ham s6
A D. B. R. C.[-1;+e).

" . y 1—-cosx
32. Tap xac dinh cia hamso y = -
1+sinx

AR, B@ C R\{—§+k2n|keZ}.

Poc ban méi nhét trén hoc10.vn

s6 y=4/l+cos2x la:

D. R\{%kzn\kez}
21
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1-sinx

33. Tap xéac dinh cuahams6 y=-—"—— la:
COosXx

A R\{—§+k2n|kez’,}. B. R\{g+k21\:‘keZ}.

C R\{ +k7\:|keZ} D. R\{kn|k e Z}.
34. Tap xac dinh cua ham sb y=tanx+;2 la:

1+cot™ x

A R\{k%[kez}. B. R\{—%+kn|kez}.

C. R\{ +kn|keZ} D.R\{—g+k2n|kez}.
35. Ham s6 nao sau day la ham s6 1¢?

A. y=—2cosx. B. y=-2sinx.

C. y=tanx—cosx. D. y=-2sinx+2.

36. Ham s6 nao sau day la ham s6 chin?

A. y=cosx+5. B. y=tanx+cotx.
C. y=sin(—x). D. y=sinx—cosx.
37. Ham s y = cos x nghich bién trén khoang:
A.(0: 7). B. (n:2m). (el (72 ; g) D.(-7:0).

38. Ham s6 nao trong cic ham s6 sau dong bién trén khoang (g 377[)

A.y=sinx. B.y=cosx. C.y=tanx. D.y=cotx.
39. Ham s y = sin x dong bién trén khoang:

NERLEELE.
2 2

; | C. (107 11m). D. On;10m).
2 2 )
40. S6 giatri @ €[— m; 27] sao cho cos a = } la:

A. L B. 2. C.3. D. 4.
41. Tim tap xac dinh cta cac ham s6:
- sin 2x V1+cos2x
a) y=4/l+sin3x; b) y=——; c) y=—————
” ’ J1—cosx g sinx
22
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42.

46.

47.

Poc ban méi nhét trén hoc10.vn Ban mau

1
) ys—""; e)y
sin x+cos x

g) y=4Jcosx—1.

" l+sinxcosx’
Xét tinh chin, 1é cia cc ham sé:
2

a) y =sin 2x; b) y =|sinx]; c)y=tan“x;
d) y=4/l-cosx; e)y=tanx +cotx; g)y=sinx. cos 3x.

. Tim gié tri 16n nhat va gia tri nho nhét ca cdc ham s6:

a)y=3sinx+35; b) y=/1+cos2x +3;

1
4—sinx’

¢)y = 4 — 2sin xcos x; d) y=

. Xét sur bién thién cua mdi ham s sau trén cac khoang tuong tmg:

a) y = sin x trén khoang —lg_n;_”_" _B_";_M :
2 2 2 2

b) y = cos x trén khoang (197 ; 207), (— 307 ; — 297).

. Tw d thi ham 56y = cos x, cho biét:

a) C6 bao nhiéu gia tri ctia x trén doan [— 57 ; 0] décosx = 1;
b) Co bao nhiéu gia tri cia x trén khoang (— 977[ Sie 37“) dé cos x=0.
Tir dd thi ham s6 y = sin x, tim:

%, 1
a) Cac gia tri cia x dé sinx = 2 5
b) Cac khoang gia tri ctia x dé ham s6 y = sin x nhan gi4 tri duong.
M&t vong quay tro choi co ban kinh 57 m, truc quay cach mat dit 57,5 m, quay
déu mdi vong hét 15 phit. Khi vong quay quay déu, khoang cach / (m) tir mot
cabin gin tai diém 4 cia vong quay dén mat dét dugc tinh bai cong thic:
h(e)=57sin[ 2Ee—%)+57,5

15 2

v6i t1a thoi gian quay ciia vong quay tinh bang phut

(t20) (Hinh 12).

a) Tinh chu ki ctia ham 6 A(1)?

b) Khi ¢ = 0 (phut) thi khoang cach tir cabin dén

mit dit béng bao nhiéu?

¢) Khi quay mét vong lan thir nhat tinh tir thoi diém

t = 0 (phut), tai thoi diém nao cua ¢ thi cabin & vi tri Hinh 12
cao nhat? O vi tri dat duoc chiéu cao 1a 86 m?

23
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§4 PHUONG TRINH LUONG GIAC CO BAN

A. KIEN THUC CAN NHG
1. Phuong trinh sin x=m (1)
* V6i |m| > 1, phuong trinh (1) v6 nghiém.

*Vabi|m| < 1,801 a la s6 thuce thude doan [— g - §:| sao cho sina=m.

. . . . x=a+k2n
Khi do, ta co: sinx = m< sinx =sina < (keZ).
X=qn—oa+k2n
Chii y
— Ta ¢6 mot s6 truong hop dic biét sau ctia phwong trinh sin x = m:
+) sinx=lc>x=§+k27c (keZ);

+ sinx=—1c>x=—§+k21r (ke
+)sinx=0=x=kn (keZ).

— Néu x 1a goc lugng gidc ¢6 don vi do 1a do thi ta co thé tim goc lugng giac x sao

cho sin x = sin a° nhu sau:
x=a°+k360°

A L (keZ).
x=180°—a°+ k360

sinx=sina°©[

2. Phwong trinh cos x =m (2)
* V6i |m| > 1, phuong trinh (2) v6 nghiém.
*Voi|ml <1, g0t a la s6 thue thude doan [0 ; ] sao cho cosa=m.

2, 5 5 x=a+k2n
Khi do, ta co: cosx =m <> cosx =cosa < (keZ).
x=—-a+k2n

Chii y

— Ta ¢6 mot s6 truong hop dic biét sau cia phuong trinh cos x = m:
+) cosx=1ox=k2n (keZ),
+)cosx=—1< x=n+k2n (keZ);
) cosx=0©x=§+k1\: (keZ).

24
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—Néu x la goc lugng gidc ¢6 don vi do la do thi ta co thé tim goc lwong giac x sao
cho cos x = cos a° nhu sau:

x=a°+k360°
cosx=cosa’ < (keZ).
x=—a°+k360°

3. Phwong trinh tan x =m (3)

Goi a 1a s6 thue thude khoang (— % 5 g] sao cho tana =m.

Khi d6 véimoi me R, taco:tanx=m < tanx =tana < x=a +kin (k<Z).
4. Phuong trinh cot x=m (4)

Goi a 1a sb thuc thude khoang (0 ; m) sao cho cota=m.

Khi d6 véimoi me R tacod: cotx=m<>cotx =cota < x=a+kn (keZ).

B.ViDU
Vin dé 1. Giai phuwong trinh lugng gisc co ban
Vidy 1 | Giai phuong trinh:

a) sin[2x—£)=—£; b) Cos(f+£):£;
3 2 2 4 2

<) tan(3x+§]=£; d)\/gcot(Zx——gJ:— 1.

3
Giai

a)Dosin(~5]=~£nénsin(waE)=~£©sin(2x«£j=sin[—ﬁ)
"3 2 3 2 3 3
2x~§=~§+k27: x=kn
o = _z_'—]m(keZ).
2x7—:n7(7£j+k21r 6
3
b)Docosﬁ_—néncos(i-‘}-E]:ﬁ@cos[f-(-f):cosE
2 4 2 6
2 ko x=——+kin
&5 2 4 6 (keZ)
2y Iikom | x=-"_+k4n
2 4

25
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C)Dotan£=£nén(an 3x+Z =£©tan 3x+ 2 |=tan 2
6 3 4 3 4 6

oi+i=tikrox=-T1kZ (keZ).
4 6 36 3

d)\/gcot(fo%):f 1@(:01[2)(7%):7%.

Docotz—n———1—néncot(lx—Ej——Lc»cot(Zx—E)—cot2—1t
3B 6 3 6 3
5 B e I gy
6 3 12 2

Vin dé 2. Tim nghiém cia phuong trinh thoa man di¢u ki¢n cho truéc
Vidyu 2 | Tim nghiém ctia phuong trinh:
a) sin(2x+2j:0vfri )ce[£ J 3—“: . b) tan[x+ L) 1voi )ce[—E 3 E)
5 a2 2 6 2°2
Giai

a)sin(2x+%J=O<:>2x+2?n:knc>x=——+k—.

Doxe(g 37"]nén£<—£+k£<3—n<:>1<k<%.

Ma k eZ nénk € {2;3}. Vay xe{ﬂwi}
5 10
b)tan(£+£]:—1<:>£+£=—£+kn®x:—5—n+k2m
2 6 2 6 4 6

Doxe|-Z; E nén—5<—5—n+k2n<£<:>l<k<z.
27g 2 6 2 6 3
Ma k € Z nén khoéng co gia tri nao cia k thoa man. Vay phuong trinh khong ¢

n
nghiém trén khoan
ghi¢ g( 5% 2)

Vin dé 3. Phuong trinh dua vé dang phuong trinh lugng giic co ban
Phuwong phap:
= +k2
sin f(x) =sing(x) | T D TED TR o)
f(x)=n—-g(x)+k2n
26
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_ 1()=gx)+k2n
«cos f(x)=cos g(x) & [f(x) g+ E% (keZ).

Vidu 3 | Giai phuong trinh:

a) sin (Zx +%) =sinx; b) sin 2x = cos 3x; c) cos? 2x = cos? (x +%]
Gidai
2x+F=x+k2n x=-2+tk2n
a) sin(2x+ﬁ)=sinx<:> 4 = 4 (k € Z).
4 T 21

2x+Z=n—x+k2n x==—+k—
. 4 3
b) sin 2x = cos 3x

2x="3x+k2n LY L
<:>sin2x=sin(g—3x)c> e 10 2 (keZ).
2x=n—[£—3x]+k2n LY, .
2 2
1 1+cos(2x+£)
c) cos? 2x = cos? (x+£) o 2T & cosdx = cos(2x+£)
6 2 2 3
4x:2x+§+k2n = GO
N | (k).
4x:—[2x+£)+k27‘t x=-F iz
3 18 3

Vin dé 4. Sit dung d6 thi ham s6 lwong gidc dé xac dinh s6 nghiém ciia phuong
trinh lugng giac trén mot tap hop cho truée

Vidu 4 | Dung d6 thi ham 56y =sinx, y =cos X dé xdc dinh s6 nghiém cua phuong

trinh: 3sin x + 2 = 0 trén khoang [_577[ S 57" .
Giai
5 it e : . 2 5t 5
V& d6 thi hai hams6 y =sinxva y= -3 trén khoang [71 i TRJ (Hinh 13):
¥
1 y=sinx
S5n 3n T i3 3n Sn
"2 “on 2 T 2 2 n 2 27
07 2 x
=1 3 5 = _%_
Hinh 13
27

Poc ban méi nhét trén hoc10.vn Ban mau



Poc ban méi nhét trén hoc10.vn

$6 nghiém ciia phuong trinh 3sin x + 2 =0 hay sinx = —% trén khoang (7577[ £ 57“]
N oGA e s X , X s g % o % 2 St Sm s <
la s6 giao diém cua do thi ham so y = sin x trén khoang ~5 ; 5 va duong

thing y:—%. Duya vao d thi, duong thing y:—% cét do thi ham s6 y = sin x

trén khoang (—57” p 5;”] tai 5 diém phan biét nén phuong trinh 3sin x + 2 = 0 co
5 nghiém phan biét trén khoang [_57" : iz"J

Vién dé 5. Ung dung

Vidy 5| Hoi Lim (tinh Bic Ninh) duge t6 chirc vao mua xuin thuong co tro
choi danh du. Khi nguoi choi du nhun déu, cdy du s& dwa nguoi choi du dao
dong quanh vi tri can bang (Hinh 14). Nghién
clru tro choi nay, nguoi ta thiy khoang cach /4 (m)
tr vi tri nguoi choi du dén vi tri can béng dugc biéu
dién qua thoi gian £ (s) (voi £ > 0) boi hé thue /1 =|d|

v6id =3cos |:§(2t —l)} trong d6 ta quy wée d > 0

khi vi tri cin bing & phia sau lung nguoi choi du va g4
d < 0 trong truong hop nguoc lai. Vao thoi gian ¢ h

nao thi khoang cach 4 1a 3 m; 0 m?

\ Viiricanbang .~

Hinh 14
Giai

Do — 1£cos[§(2t—1{|slnén - 3s3cosl:§(2t~l):|$3 hay —3<d <3. Do do,
0<ldl<3.
Vay =3 khi |d|=3 hay cosE(Zt—l)}i 1<:>sin{§(2t—l):|=0

1+3k véi keZ, k>0,

<:>§(2t—1):knc>t:

= 0Kkhi |d]=0 haycos[g(thl):|=0©§(2t71)=§+kn

=D TR o ke, B30,

28
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48. Phuong trinh sin x = 1 ¢ cac nghiém la:
A x:§+k27: (keZ).
C. x=n+k2n (keZ).

49.

A.2. B.3.

x=Z14k2m
(kel).
m
xX=——+k2n
3

x=2—n+k21:
(k eZ).
x="14k2n
3

C.

11

A.0<m<1. B.0<m<1.

. Phuong trinh tan x = — 1 ¢6 cac nghiém la:
A. x=1;—+k2n (kel).
C x=§+k21: (kel).

. Phuong trinh cot x=0 c6 cac nghiém la:
A. x:%+k1\: (keZ).

C. x=kn(keZ).

A x=%+kn (ke).

c x=%+k27t (keZ).

Poc ban méi nhét trén hoc10.vn

Gia trj ctia m dé phuong trinh cos x = m c6 nghiém trén khoang (—g N 1] la:

B.x=§+kn(keZ).

D.x=k2n(keZ).

S6 nghiém ctia phuong trinh sin x = 0,3 trén khoang (0 ; 4m) la:

C. 4 D. 6.

1
. Phuong trinh cos x =— 2 ¢6 cac nghiém la:

x= 5—Tr+kZ‘n
B. (keZ).

x==""+tk2n
6

x:z—n+k21:

D. kel).
o (keZ)

X=——+k2mn

2

C.0<m<l1. D.0<m<1.

B. x=—%+k1\: (keZ).

D. x:—§+k21t kel

B. x §+k21\: (keZ).

D. x=§+k1\: (keZ).

. Phuong trinh sin x — cos x = 0 ¢6 cac nghiém la:

B. x=—§+kn (keZ).
m
D. x=—z+k211: (kel).
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55. Phuong trinh V3 cosx+3sinx=0 c6 céc nghiém la:

A x=—g+kn (k). B. x=§+k7c (ke).

C. x=—§+k1\: (keZ). D. x=£+kn (k

56. Phuong trinh cos 2x = cos (x+§] ¢6 cac nghiém la:

e).

x=Z+tk2n x=2+k2m
Al 4 , (k<D B. o, (ke
x=—T4pl x=— kT
L 4 3 12 3
x=——+k2m x=—+k2mn
C keZ D.
= 27r( €Z) \ (keZ)
.X——E‘f'kT x=——+k27
57. Phuong trinh sin 3x = cos x ¢6 cac nghiém la:
. x:§+k§
Al 8 2gen B . keD)
x=%+kn x:_z*'k”
x=%+kn _x=—£ ik
c (keZ). D 8 2 kem
T,.T (
l=z+k5 _x=——+kn
58. Giai phuong trinh:
; 3
a) sm3x=£; b) sin £+£ =7£; c)cos(3x+£)=—l;
2 2 4 2 3 2
d) 2cosx+3=0; e) Btanx-1=0; g) cot(x+§)=l,
59. Tim goc luong giac x sao cho:
a) sin 2x =sin 42°; b) sin(x—60°)=—?; c) cos(x+50°)=%;
d) cos 2x =cos(3x+10°); ) tan x = tan 25°; g) cotx=cot(— 32°).
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DBoc ban méi nhat trén hoc10.vn

Ban mau



60. Giai phuong trinh:

T .
a) sin(S)ﬁ%):sin(;ﬁ%}, b) cos(Zx—g)zsm(Z—x];
c*) sin? [x +%] =sin? (2): + g] d*) cos? [Zx + gj =sin? [x +%)~,
e) cosx+sinx=0; 2) sinx—+3cosx=0.
61. Dung do thi ham s6 y = sin x, y = cos x dé xac dinh s6 nghiém ctia phuong trinh:
a) Ssinx —3 =0 trén doan [~ 7 ; 47];

b) V2 cos x+1=0 trén khoang (= 47 : 0).

h (m)
’ 2 16 :
62. Muc nuéc cao nhat tai mét cang bién la '
16 m khi thiy tridu 1én cao va sau 12 gitr -

khi thiy triéu xudng thap thi muc nuéc
thap nhét 1a 10 m. D thi 6 Hinh 15 mé
ta su thay déi chidu cao ctia mue nude tai
cang trong vong 24 gio tinh tir i nira dém. 1%} 12

]
| —
&

Biét chiéu cao cia muc nudc 4 (m) theo Hinh 15

thoi gian 7 (h) (0 < 7 < 24) duoc cho bai cong thire 7= m+acos (% t] véim, a
la cac so thue duong cho trude.

a) Tim m, a.

b) Tim thoi diém trong ngay khi chiéu cao ciia myc nude 1a 11,5 m.

BAI TAP CUGI CHUONG |

63. Cho luc giac déu ABCDEF ndi tiép trong dudng tron luong giac (thir tw di tir A
dén cac dinh theo chidu duong). Khi do, s6 do ciia goc luong giac (04, OC) bang:

A. E+k2n. B. —2—n+k21t. c E+k21r. D. —£+k21r.
3 3 3 3
64, Chio taner=2, Gidis] cha bilthtis 4= ST00H0SE (o
Smmo—cosa
31
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65. Gia tri cta biéu thirc 4 = (2sin x — cos x)2 + (2cos x + sin x)2 bang:
A5, B. 3. C. 4 D. 2.
" 1 1 g
66. Néu hai gocavabco tana= 3 va tanb= 5 thi gia tri cia tan(a — b) bang:
A. l B. —l. G —l. D. 1.
7 5 7
67. Néu cos 2 =? thi gia tri cta biéu thirc cos(a +§] cos(a—gj bang:
AL p =3+¥8 c-B p 38
3 12 3 12
68. Phuong trinh cos 2x = 0 ¢6 cac nghiém la:
A.x:§+kn(keZ). B.x:§+k1r(keZ).
no T
C.x=z+k5(keZ). D. x=kn (keZ).
69. Phuong trinh tanx:—L c6 cac nghiém la:
3
A.x=%+kn(keZ). B.x:—%a—kn(keZ).
b1 T
C.x:§+kn(keZ). D.x:—§+kn(keZ).
70. Ching minh mdi ding thirc sau 1a dung:
on 1+tan ™
a) sin 45°.¢c0s 30° + cos(—45°).sin(—30°) =sin157; b) tan—= 75‘_' g
i 20 l—tang
71. Cho sin(45°—a)=——=.
( ) )
. g 1-sin 2a
a) Chimg minh rang sin“(45°—a) = ——
b) Tinh sin 2c .
72. Giai phwong trinh:
a) sin 2x—E =—l; b) sin 14—5 :—3; ¢) cos 2x+E =£;
6 2 3 2 5 2
d) 2005§+\/§=0; e) \/gta.n(Zx-*—gj—l:O; g) cotBx+m)=—1.
32
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73. Giai phuong trinh:

a)sin(Zx-(-E]:sin(Bx—E]; b) cos x+£ =C0S! E—2x;
3 6 4 4

c) cos? (E«kEJ:cosz (3—X+E); d) cot3x=tang.
2 6 2 4 7
74, Mot chat diém chuyén dong déu theo chiéu
nguoc chiéu kim déng ho trén duong tron ban
kinh 5 cm. Khoang cach / (cm) tir chat diém dén h
truc hoanh dugec tinh theo cong thirc /2 = [y, trong n

do y= asin[gtj v6i ¢ 1a thoi gian chuyén dong
ctia chét diém tinh bang gidy (¢ > 0) va chit diém
bat dau chuyén dong tir vi tri 4 (Hinh 16). Hinh 16
a) Chit diém chuyén dong mot vong hét bao nhiéu giay?

b) Tim gia tri cua a.
¢) Tim thot diém sao cho chét diém & vi tri c6 4 = 2.5 cm va nim phia dudi truc
hoanh trong mét vong quay dau tién.

> LI GIAI - HUGNG DAN - PAP SO

§1 GOC LUGNG GIAC. GIA TRI LUGNG GIAC CUA GOC LUONG GIAC

1.C. 2.B. 3.D. 4A S.B

6. (04, OB)=§+k2n; (4, 0@:?”{2“; (OA, OD)=m+k2x.

(OA. OE)=-23—"+k2n; (OA, OF)=—§+k2n4

22 2
7. cosa= _TJ_’ tano = —%, cota=— 2\/5,
) 1 1 c R , ) 1
8 Ta c6: tanx=——=——. Ap dung cong thuc: I+cotx=—75—, ta
cotx 3 sin~ x

dugc sin2x=li. Ma g<x< 7 nén sinx > 0. Suy ra sinx:%, Khi do

. 410 3v10
cosx=cotx.sinx=—3. —=———.
10 10
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9%, Ta co:
a) sin? x+cos? x= (sin2 x)2 + (cos2 x)2 = (sin: x+cos> x): —2sin” xcos- x
=1-2sin’ xcos” x.
b) sin® x+cos® x = (sin2 x)3 + (cos2 x)3
= (sin2 x+cos? x)3 —3sin> xcos> x(sin2 x+cos> x)
=1-3sin” xcos” x

10. a) Vi tan x xac dinh nén cos x khac 0. Chia ca tir va mau cho cos x, ta duoc:

_3sinx—5cosx 3tanx-5 3.(-2)-5_11
4sinx+cosxy  4dtanx+l 4. (—2)+1 E

b) Vi tan x xac dinh nén cos” x khéc 0. Chia ca tir vA mAu cho cos x . ta dugc:

2sin? x—3sin xcos x—cos> x . 2tan? x—3tan x—1 13

sin® x+sin xcos x tan? x+tan x 2
3
11. a) Do cosE=cos -z =—cos£, coss—ﬂ::cos o L =—c053—Tt nén
8 8 8 8 8 8
m 3n Sn n
A=0052§+cos2 3 +cos” 2= 3 +cosz? —2(005 —+c0s23—n)

3
=2 cos2 +sin?| T CAE =2 cos2£+sin2£ =2
8 28 8 8

7 . . ‘9
b) Nhén thay: sin9?1t = sin(—§+2n) =— sing nén sin *+ sm%: 0.

2n 8n 3n n 4n 6m
Tuong tu ta co: sm?+sm?—0 sm?+sm——0 sin—+sin—=0.
Suy ra B:sin§+sin2—n+...+sin9—n=O+sin5—n=0.

¢) C=tanl®.tan2°. tan3°..... tan89°

=(tan1° . tan 89°)(tan 2° . tan 88°)...(tan 44° . tan 46°) tan 45°

=(tan1° . cot1°)(tan 2° . cot 2°)...(tan 44° . cot 44°) tan 45° =1.
34
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12.a) Do A+C =n—B nénsin B =sin(4 + C).

b)Do A+B+2C =n+C nén cos(A+B+2C)=cos(n+C)=—cosC.

B+C =m A . . A B+C
¢) Do =——— nén SIn—=COS .
2 2 2 2 2
A+B-2C A+B+C-3C =n 3C A+B-2C 3C
d) Do = =———nén tan————=cot—.
2 2 2 2 2 2

13*. a) Do sina+cosa=§ nén (sinoz+cosoz)2 =é hay 1+2sinacosa:$

. 4
Suyra A=sina . oos o=

. . 8 17
b) Xét B2=(sma—cosa)2:1—251nacosa:1+§:gADo—g<a<0 nén
sina <0, cosa >0. Do do B=sina—cosa <0. Vay 3=_@,

3

; : : " 13
¢) C=sin’a+cos’ a :(sma+cosa)3 —3smacosa(sma+cosa)=ﬁ,

d)Taco: D= sin & +cos? & =1-2sin” cr cos” ::—?4
14. Do vong quay Mt Troi quay mdi vong khoang 15 phut va chuyén dong theo

chiéu kim dong hd nén sau 15 phut, ban kinh ctia vong quay quét mot goc luong
gide ¢6 86 do bang — 2 (rad).

Do d6, sau 10 phit, ban kinh ctia vong quay quét mét goc lwong gidc c6 s6 do

—21rl10=—41t

bin,
¢ 15 3

(rad).

§2 CAC PHEP BIEN DI LUONG GIAC

15.A. 16.A. 17.D. 18.B. 19.A. 20.C. 21.A. 22.D. 23.C. 24.C.

B
2,

25. a) cosa=—§, tana

b)sin iy =M’ cos[a_sijz2+\/G,tan[a+ﬂJ:8\/§+9\/§V
4 6 6 6 3 7
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c) sin20=—$, cosZa:l.

26.Do m<a<2m nén§<§<n.Suyra, sin§>0 cosZ<0.

Ta co: sin ( ) ~0sd =0,4.

a0 a 15 a6
Viy sin—=——, cos—=———, tan—=———.
2 5 2 5 2
.a__a a
2sin—cos— 2tan—
27. Ta c6: sina=2sin<cos L= a2 2a = 2a _&
sin? 2 +cos? S 1+tan® S 3
2 2
4 a cos2Z—sin? 9 1—tan? < 1
cosa=cos® = —sin’ = = 2 = 2__.
& sin2§+c0525 l+tan2 3

&
tana:£=2\/§.
cosa

28. Ta co: cos(a + 2b) = 2cos a < cos[(a + b) + b] =2cos[(a + b) — b]

=1
< 3sin(a + b) . sinb=—cos(a+ b).cosh & lan(a+b)tanb=T_

29%.2) Do A+ B=71=C nén tan(A%B)=— tan C'es 204X 1a0 5

———  =—tanC
1-tan Atan B
< tand +tanB +tanC =tan4 . tanB . tanC.
t: A+t B
A B m C A T e |
b)Do —+—=——— nén tan| —+— |=cot— < =—=F
2 2 2 2 2 l-tan—tan— tan—
2
& tan— . tan—+tan— . tan—+tan— . tan— =1
30. a) Trong tam giac vuéng ABM, tanBj\M=%=l.
B4 2
Trong tam gidc vuéng ADN, tanD/;I]\V:%:l.
D4 3
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11
tan BAM +tanDAN _ 53

Do dé, tan(BAM + DAN) = it P
I—tan BAM tan DAN |

=1.

Lk L
23

b) Do tan(BAM + DAN)=1 nén BAM +DAN = 45°.

Suy ra MAN =90°—(BAM + DAN ) = 45° .

Vay goc chiéu sang cua dén pin bang 45°.

§3 HAM SO LUONG GIAC VA PO THI

31.B. 32.C. 33.C. 34.A. 35.B. 36.A. 37.A. 38.C. 39.B. 40.C.

41.2) R. b) R\{k2n|keZ}. o) R\{kn|keZ}.
d)R\{—%Hm\keZ}. o) R. o) {k2n|keZ}.

42. a) Ham s6 1é. b) Ham s6 chin. ¢) Ham s chén.
d) Ham s6 chén. ¢) Ham s6 I¢é. g) Ham s6 1é.

43. a) Tép xac dinh cia ham s6 1a R .

Taco: VxeR thi —1<sinx<1.Do d6, 2<3sinx+5<8.

Viy gia trj 16n nhat cia ham s6 bang 8 khi sin x = 1 hayx=g+k2n(keZ);

gid tri nho nhét cia ham sb bang 2 khi sinx:—lhayx=7g+k2n(keZ).

b) Gid tri I6n nhit ciia ham s6 bing 3++/2 khi cos 2x =1 hay x=/kn (keZ);

gid tri nho nhat cia ham s6 bang 3 khi costzflhayx=§+k7I(keZ).

c¢)Taco: y=4—2sinx. cos x =4 —sin 2x.

Gid tri 16n nhéit ciia ham s6 bing 5 khi sin 2x = — 1 hay x=-—%+kn(keZ); gid

tri nho nhat ctia ham s6 bang 3 khi sin 2x = 1 hay x=§+kﬂ: (keZ).

d) Gia tri 16n nhét cta ham s6 bang % khi sin x = 1 hay x=§+k21r (kelZ),

gid tri nho nhit cia ham sb bang % khi sin x = — 1 hay x=7g+k2n (keZ).
37

Poc ban méi nhét trén hoc10.vn Ban mau



44, a) Ham s6 y = sin x nghich bién trén khoang [7 19z, = 17—”] dong bién trén
( 13n 1 17:] 2 2
khoang | ——; —— |
pJ 2
b) Ham s6 y = cos x dong bién trén khoang (197 ; 20m); nghich bién trén khoang
(=307 ; —29m).
45. a) 3 gia tri. b) 2 gia tri.

5 . | P i 5
46. a) Gia tri coa x dé smx=§ la hoanh d6 giao diém cua do thi ham so
y=sinxva duong thing y=—;- . Dua vao db thi, ta co sinx=% khi x=§-+k21\:

va x=%+k2n: voi keZ.

b) Ham s6 y = sin x nhan gia tri duong trong g v6i phén do thi ham s6 do nim
phia trén truc hoanh. Dua vao d thi, ta c6 ham sb v = sin x nhan gia tri duong

khi xe (k2n; n+k2m) voi keZ.

47. a) Vi vong quay tro choi quay mdi vong hét 15 phut nén chu ki cia ham s6 /(f)
bang 15 pht.

b) Khi ¢ = 0 thi A=57sin [—§j+57,5 =0,5 (m). Vay khi do khoang cach tur
cabin dén mat dit béng 0,5 m.

y M2
¢) Khi quay mét vong, cabin & vi tri cao nhat khi sin (%t 73] =1 hay

t=17.5 (phut); cabin dat dwoc chiéu cao la 86 m lan dau tién khi 7 = 5 (phut).

§4 PHUGONG TRINH LUGNG GIAC CO BAN
48.A. 49.C. 50.D. 51.C. 52.B. 53.D. 54.A. 55.A. 56.B. 57.A.

m 2n
s x=§+k? ; x=—m+k4n
58. a) i . (keZ). . (keZ)
X=—+k—
9 3
NI .
ol ° 3 (kez) &) x=2+ 4 kom (keZ).
n 2n 6
e
3 3
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T T
c=—+kn (keZ). =—+kn (keZ).
e) x 6 (keZ) g) x 20 (kelZ)
[x=21°+£180° [x = k360°
59. a) kelZ). b) (keZ).
| x=69°+K180° | x=—60°+£360°
[x=10°+£360° [x=—10°+k360°
) (keZ). d) (keZ).
| x=—110°+4360° |x=—2°+k72°
e) x=25°+k180° (keZ). g) x=—32°+k180° (keZ).
x=5—n+k‘n: x=Z—;+k27|:
60.a)| (keZ) b) o (KEZ).
13n P f Rl
=gty 36 3

¢*) Str dung cong thirc ha bac, ta co:

1—cos[2x+£)
) U 2
sin”| x+— |=—— £
( 4) 2

Khi d6 phuong trinh twong duong

. sin? (2x+£)= 1—cos(4x+n).
2 2

n
x=——+kn
n oy ©
cos| 2x+— [=cos(4x+m) & hay x=——+k— (keZ).
2 n W 4 3
X=——+k—.
4 3
x=Ztkn
d*) St dung cong thirc ha bc Wongtunhcancace: |  © (keZ)
x=—t il
18 3

e)x=—%+kﬂ: (keZ). g)x=§+kn (keZ).

61. a) S6 nghiém ctia phuong trinh 5sinx —3 =0 trén doan [— 7 ; 47] bing s6 giao
diém cua db thi ham s6 y = sin x trén doan [— 7 ; 4] va duong thing y = %
Dua vao do thi, phuong trinh Ssin x —3 = 0 ¢6 4 nghiém trén doan [— 7 ; 47].
b) Phuong trinh ~/2 cos x+1=0 c6 4 nghiém trén khoang (= 47 ; 0).
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61. 2) S6 nghiém ctia phuong trinh Ssin x —3 =0 trén doan [~ 7 ; 47| bing s6 giao
diém cua dd thi ham s6 y = sin x trén doan [~ 7 ; 47] va duong thing y = %
Dua vio db thi, phuong trinh Ssin x — 3 = 0 ¢6 4 nghiém trén doan [— 7 ; 471].

b) Phuong trinh +/2 cos x+1=0 c6 4 nghiém trén khoang (— 47 ; 0).

62. a) Chiéu cao cua muc nude cao nhit 1a m + a khi cos(%rj =1 va thip nhit

m+a=16 {m=13

bang m — a khi cos 2 ¢]=—1.Theo gia thiét, ta co:
12 m—a=10

a=3.

b) T cau a ta c6 cong thuc: 7 =13+3cos (%t) . Do chiéu cao ciia muc nuée

12 11,5 m nén 13+3cos|Z® ¢ | =115 < cos| F #)=—1
12 12 2
T 2n
TR 2 Ol ey
e s
Wzl on (keZ) =1, __groar
—t=——+k2mn
12 3

Ung v6i hai thoi diém trong ngay ta ¢6 £ = 8 (h) va £ = 16 (h).

BAI TAP CUOI CHUONG |
63.A. 64.C. 65.A. 66.C. 67.B. 68.C. 69.B.
70. a) Ta c6: sin 45°.c0s 30° + cos(—45°).sin(—30°)
=sin45°.c0s30° —cos 45°.sin 30° =sin(45°—30°) =sin15°.

i
4

m m m
g5 i tan —+tan— 1+tan—
b) Ta co: tan—=tan( +—]— 41‘: 57: = 75‘: s

20 l-tan—.tan— I—tan—

4 5 3

_ o_ o 3
M) sin2(d55—qy=1"00000" =20 l-sinda o g
2 2 4
™
x=kn x=——+kbén
2.0  op  (keZ). b) 2 (keZ).
x=—+kn 7!
3 x=5+k6n
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2n

x=§+k2n xsz
73.2) oy (KEL). DY (keZ).
s T T x==+k2n
6 5 2

¢) Str dung cong thurc ha béc ta co:

ks m
1+cos| x+—| 1l+cos|3x+—=
2x w 2(3x @ 3 2
cos“| =+—|=cos”| —+— | & =
2 6 2 4

2 2

3
x=——+kn

& cos| x+ X | =cos| 3x+ = | = 12 (keZ).
3 2 5t T
=——+k—
24 2

T ox
& x="kt .
) x i 3(keZ)

74. a) Xét h = 0 hay asin(%t]:O@t:Sk voi keZ vak20.

Ta nhén thy, tir thoi diém ban dau, cir sau 5 gidy, khoang cach tir chat diém dén
truc hoanh lai bang 0. Suy ra sau mdi 5 gidy, chat diém chuyén dong dugc nira
vong. Vay chat diém chuyén dong mét vong hét 10 gidy.

b) Do chit diém chuyén dong mot vong hét 10 giay nén khi £ = 2,5 gidy thi chat
diém chuyén dong dugc mot phan tu vong theo chiéu dwong, suy ra tai t = 2,5

taco y=|y|=h=5< asin(%.%):SQ a=>5.
c) Tw két qua caub, taco: y= SSin(gt). Do h = 2,5 cm va chét diém nim &

dudi truc hoanh nén y = —2.5. Voiy = — 2,5, ta cé:

5sin It)=—2,5c>sin Et :—l
5 5 2

E[=—£+k21t [=ﬂ
P L 6 (kewm).
n, TIn 35+60k
—t=—+k2n ="
3 6 6
- ke en ey , 35 55
vaongquaydautlenthlOSISIO,dodot=?,t:?.

Vay tai thoi diém ¢ = % gidy, t = % gidy thi chat diém 6 vi tri c6 7 = 2,5 cm
vanam & dudi truc hoanh.
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DAY S0. CAP SO CONG

VA CAP SO NHAN

§1 DAY SO

A. KIEN THUC CAN NHO

1. Day s6 hitu han

M&i ham s u: {1:2:3;....m} >R (me N*) duoc goi la mét day 6 hitu han.

* Dang khai trién: Uy, UG Uay gl

) u; goi la 56 hang dau, s6 u, goi la 56 hang cudi cua day sb.

2. Day s6 v6 han

Mdiham sé : N — R duge goi 1a mot day s6 vé han (goi tat 1a day s6).

* Dang khai trién: Uy, gy Ugy ooy Uy

« Day s6 do con duge viét tit la ().

) u goi la 56 hang thir nhdt (hay 56 hang d[ju), sb Uy goi la 56 hang thir hai, ...,
s6 u, goila 56 hang thit n va 14 6 hang tong quat cia day s6.

3. Cach cho mét day s6

Ta 6 thé cho day sb biang mdt trong nhiing cach sau:

« Liét ké cac s6 hang cua day s6 (v6i nhitng day s6 hitu han va c6 it s hang).

« Dién dat bé'mg 101 cach xac dinh mdi sé hang cua day sd.

+ Cho céng thirc ctia s6 hang tong quat cua day s.

+ Cho bang phuong phap truy hoi.

4. Day sb tang, day sb giam

« Diy s6 (u,,) duoc goi la day 50 tang néu u, > u, véimoi ne N

« Day s6 (u,,) duoc goi la day 56 gidm néu U, | <u,véimoi ne N*.
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5. Day s bi chin

* Day sb () duoc goi la bi chan trén néu ton tai mot s6 M sao cho u, <M v6i moi
neN".

* Day sb (un) duoc goi 1a bi chan duci néu tdn tai mot sb m sao cho u,=m voi moi
neN".

* Day sb () duoc goi la bi chan néu no6 vira bi chin trén, vira bi chin duéi; tirc 1a
ton tai cac s6 m va M sao cho m < u, <M véimoi ne N".

B.ViDU

Vin dé 1. Xic dinh cac s6 hang cia day s6

Vidu 1] Viét nam s6 hang ddu ciia mdi day sé c6 s6 hang tong quat u, cho boi

cong thirc sau:

(_I)Yl 2”
i = : b) u, =—:
a) Uy —1’ ) Uy -
Giai
s Nem s hang Eilciiny o6 o N =L, 1. 1
a) Nam s6 hang dau cua day so (1 ) 1a: — L — ——; =3 — —.
— YA 357 9

; g § 8
b) Nam so hang dau cua day so (u,) la: 2: 2; 5: 4 —.

Vin dé 2. Xét tinh tang, giam cia day sé
Phwong phdp:

Cdch 1: Xéthiéu: H = u, .~y vOi neN*.

+NéuH >0 véimoi ne N thi day 6 (u,) la day s6 tang,

« NéuH <0 véimoi ne N thi day s (u,)) la day s6 giam.

Cdch 2: Néu 1, > 0v6imoi ne N* thi ta xét thuong: T' = Untl VOl ne N*.
Z Z 7 ”Yl

*Néu7>1voimoi ne N thi day s6 (u,)) 1a day so ting.
*NéuT<1véimoi ne N" thi day s6 (u,) la day s6 giam.

Vi du 2 | Xét tinh tang, giam cia mdi day s (). biét:

n-3 3n 1 n

a) u, =——; b)u,= 3 Au =-1".2"+1).

)"n+2 )nz,,'n! Y, =17 ( )
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Giai

: n-3 (n+2)-5 5
a)Taco: Uy =——=—""—=1-——
n+2 n+2 n+2
5 5 5 5 5
Xét u, 1 —u,=1- -|l-—|=————=——>0 voi
n+3 n+2) n+2 n+3 ((n+2)(n+3)

moi neN". Do do, U, | > u, voimoi ne N". Vay day s6 (u,)) la day s6 tang.

b) Nhan xét: u,>0 vGimoi ne N* "

n+1 7
Xt ntl 3 :3—= i 53<lvdimoineN*4
uy 2"t 201 20141 4

Do do, u,, | <u, véimoi ne N Vay diy sé (u,)) la day 6 giam.

c) Ta co: Uy =-— 8 Uy = 5 Uz =— 9 .. Do do, Uy <y Uy > g Viay day s6 (1)
khéng la diy s6 tang, khong la diy s6 giam.

Vin dé 3. Xét tinh bi chin cia day sé

3 : I
Vidy 3 | Ching minh rang day so () v6i #, =— bi chan.

n-+n

Giai
Taco: u, >0 voimoi ne N nén day sb (u,,) bi chan duséi. Do n? +n>2 véi moi
neN" nén U, < - v6i moi ne N Suy ra day sb (u,)) bi chan trén. Vay day s6
(un) bi chan.
Vién dé 4. Ung dung

Vi dy 4 | Chi Mai giri tién tiét kiém vao ngan hang theo hinh thirc 13i kép nhu sau:
Lan diu chi giri 100 trigu dong. Sau d6, ctr hét 1 thang chi lai giri thém vao ngén hang
GVtrié‘u dong. Biét lai suat ciia ngin hang la 0,5% mét thang. Goi Pn (triéu dong) 1a
s0 tién chi c6 trong ngan hang sau » thang.
a) Tinh s6 tién chi c6 trong ngén hang sau 1 thang,
b) Tinh s tién chi co trong ngan hang sau 3 thang,
¢) Du dodn cong thie cua P,
Giai
a) S6 tién ca goc va lai chi Mai c6 duoc sau 1 thang (khi chua giri thém 6 tridu dong)

la: 1004100 . % =100.1,005=100.5 (tridu déng).
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S tién chi c6 trong ngan hang sau 1 thang la: 100,5 + 6 = 106,5 (triéu dong).
b) S6 tién chi Mai ¢6 trong ngan hang sau 2 thang la:
106,5 . 1,005 + 6 = 113,0325 (triéu dong).
S0 tién chi Mai co trong ngan hang sau 3 thang la:
113,0325. 1,005 + 6 = 119,5976625 (triéu dong).
¢) Ta co: Pl =100 . 1,005 + 6;
Po=EF 1 1,005 + 6 = (100 . 1,005 + 6) . 1,005 + 6 = 100 . 1,0052 +6.1,005 + 6;
P3 :PZA 1,005 + 6 = (100 . 1,0052 +6.1,005+6). 1,005+ 6
=100 1,005° +6.1,005% + 6. 1,005 +6; ..
Cu nhu thé, ta du doan duoc cong thirc cua P
P,=100.1005"+6.1,005" ! +6.1,005" 2+ .. +6
=100. 1,005" + 6. (1,005" "1 +1,005" 2 + ...+ 1).

C.BAITAP
— 4 : Uy | +1
1. Cho day s6 (u,) bictu; =2 va u, = s

cua day s6 lan luot la:

véimoi n>2. Basd hang dau tién

5 3 3
A. 2;1'.2. B. 2; —; —. C 2;3;2. D. 2, —;2.
2 2°2 2 4 2
. i 2n2 - q
2. Cho day s0 (u,) bict u, = 7 . S0 hang u,, la:
n+2
3
A.B. B.E. Cﬁ D:=:
12 34 102 4
—_ 3 n+1 i 8 .. 4 o g oy %
3. Cho day so (u,)) biet u, = . O Véiu, = T 1a s6 hang cua day so thi & bang:
.
A. 8. B.7. C.9: D. 6.
4. Cho day sé (u,) biét u,= 3", S6 hang U, bang:
A.3". 3 B.3"+3. C.3"+1. D.3(n+1).
5. Trong cac diy sb (u,,) duge xdc dinh nhu sau, day s6 giam la:
3n-1 3 . 1
A. u,,=n+1. B.u,=n". C. un:S"T' D. u,,=\/;.
6. Cho diy s6 (u,) biét u,, =cosn. Diy sb (u,) la:
A. Diy s6 tang. B. Diy s6 giam.
C. Day 6 bi chin. D. Day 6 bi chin dudi, khoéng bi chin trén.
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7. Tinh tong 6 s6 hang dau cua day sé (), biét u,=3n-1

8. Cho diy sb (u,) biét u =2vau,= \2 +u£,l v6imoi 1> 2. Viét nim s hang

dau cua diy s6 va du doan cong thire ctia s6 hang tong quat U,

9. Trong mit phing toa d6 Oxy, cho ham s§ y= 2x2—1
2l

¢6 db thi (C). Vi mdi
s6 nguyén duong n, goi A L, 1a glao diém cua db thi (C) véi duong thing x = n.
Xét day s6 (u,), biét u ,, 1a tung d6 cua diém 4, Hay tim cong thirc cua s6 hang
tong quat u o

10. Cho day s6 (), biét u,, =sin [(Zn—l)%].

a) Viét bon s6 hang dau cua day so.
b) Ching minh ring Uy, 4=, véimoi n21.

¢) Tinh tong 12 s6 hang dau cua day s6.

11. Xét tinh ting, giam cua mdi day s6 () biét:

ayu,=2n+3;  byu,=3"-m ) unz—n; d) u, =sinn.
2}’!
, ) 42 , . )
12. Cho dy s6 (u,) biét u, = ”"H v6i ala s6 thue. Tim a dé day s6 (u,) 1a day
n

sb tang.

13. Chimg minh rang;
a) Day s6 (u,) v6i u, = Vnz +1 bi chin dudi;
b) Dy s6 (u,,) Vo1 1y, = —n*-n bi chan trén;

‘ 2n+1
¢) Day s0 (u,) v6i u,, =—— bi chan.
) Day s6 (1)) = DLl

14% Voi mdi s6 nguyén dwong n, liy n + 6
diém cach déu nhau trén dudng tron. Noi (>< >Q
mdi diém voi diém cach no hai diém trén
duong tron d6 dé tao thanh cac ngdi sao

nhu Hinh 1. Goiu, la s6 do goc ¢ dinh tinh
theo don vi d6 cia mdi ngdi sao thi ta dugce »
day s6 (u,)-

Tim c6ng thirc cta s6 hang tong quat u,. Hinh 1
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§2 CAP sG cONG

A. KIEN THUC CAN NHO
1. Dinh nghia

Diy s6 (u,) la cdp 56 cong néu u,=u, ,+dvéinz2,dla 56 khong dbi.

n

S6 d goi la cong sai ctia cip s6 cong, d = u, —u, véinz2.

Néu d = 0 thi cép s6 cong 1a mét day s6 khong doi

2. S6 hang téng quit

Cho céip s6 cong (u,) 6 s6 hang dau uy va cong sai d, ta c6:
u,=uy+(n-1d véin=2.

3. Tong n s6 hang dau ctia mdt cip sb cong

Cho cip s6 cong (u,) co s6 hang dau u; vacongsaid Dat S, =uy +uy + ... tu,
ta co:
_[2y+(n=Dd]n

1 +
S, = (1 2";1)” 5

hodc S,

B.ViDy

Vin dé 1. Chitng minh mét day s6 la cip s6 cong

Phuong phap: Véi day s6 (), chimg minh hiéu u, —u, | khong dbi voi moi n > 2.
Vidy 1 | Trong cac diy s6 (u,,) v6i 56 hang téng quat sau, day sénao la cz‘ip s6 cong?

Néu la cép s6 cong, hiy tim s6 hang dau u; va cong sai d.

a)un:3—2n; b)un:3n.

Giai

a)Tacé:u;=3-2.1=Lu,~u, ;=3-2n-[3-2(n-1)]=-2véimoin=2.

Vay day s6 (u,,) da cho la mot cép s6 cong co sé hang dau u; = 1 va cong sai
d=-2.

b) Ta co: u = 3 Uy = 9; Uy = 27, ... Do do, Uy~ = 6; Uy —1ly = 18.
Vay diy s6 (u,,) da cho khong 1a mét chp s6 cong.
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Vin dé 2. Xac dinh s6 hang va cong sai ciia cip s6 cong

Vidu 2 | Cho cp sb cong (u,) c6 sb hang diu u; =3, congsaid=>5.
a) Viét cong thirc ctia s6 hang tong quat u,
b) S6 492 1a s6 hang thir miy cua cép s6 cong trén?
¢) 86 300 c6 1a s6 hang nao cia cap s6 cong trén khong?
Giai
a)Tacoru,=u +(n-1)d =-3+(n-1).5=5n-8
b) Ta co: 5n—8 =492 < n = 100. Viy s6 492 1a s6 hang thir 100 ctia ().

. 308 : "
¢) Nhén thay 57 - 8 =300 & n=—=616¢ N*. Vay s6 300 khong la s6 hang
nao cua (u,). 2

Vi dy 3 | Tim s6 hang dau va cong sai cua cip s6 cong (u,,). biét us =19, uy=35.
Giai
u +4d =19 =3

L=

) +8d =35 d=4.

Viy s6 hang diu ctia cip s6 cong do 1a u) =3 vacongsaid=4.

Goi d la cong sai ctia cap s6 cong. Tir gia thiét, ta co: {

- y AW A .
Vidu 4 | Cho cap s6 cong () voi uy =§ vauy iy +uy =1
Tim cdng sai d va vict cong thue cua so hang tong quat u,,.
Giai

Taco: uy +uy +uy=—1hay3u; +3d=-1.Mau =

5 o 2 S 1 2 2
Céng thue cta s6 hang tong quat u,, la: u, = §+(Vl—1) Y —§n+1 :
Vin dé 3. Tinh tong n s6 hang déu cta cip sé cong

Vidy 5 | Tinh tong 100 s6 hang dau cua diy sb (). biét u,=03n+5véimoinz1.
Giai
Tacoru;=03.1+5=53u,—u, ;=03n+5-[03(n—1)+5]=0,3 voimoi
n>2. Vay diy s6 (u,,) da cho la mét céip s6 cong co s6 hang diau u; =53 vacong
sai d=0,3.
Viy téng 100 s6 hang dau cia day s6 do la:

2. §,3499./0,3)..100

2

—~

Si00 =1y +uy +... 4190 = =2015.
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Vin dé 4. Ung dung
Vi du 6 | Khi ki két hop dong lao dong véi nguoi lao dong, mét doanh nghiép dé
xudt hai phuong an tra lwong nhu sau:
Phuong dn 1: Nam thir nhét, tién luong 1a 120 tridu dong. K& tir nam thit hai tro di,
moi nam tién lwong dugc tang 18 triéu dong.
Phirong dn 2: Quy thir nhit, tién luong 12 24 tri¢u dong. K& tir quy thtr hai tro di,
moi quy tién lvong duoc ting 1,8 triéu dong.
Néu 1a nguoi dugc tuyén dung vao doanh nghiép trén, em nén chon phwong an nao khi:
a) Ki hop dong lao dong 3 nam?
b) Ki hop ddng lao dong 10 nam?
Giai
O phuong an tra luong tha nhat, s6 tién lwong mdi ndm nguoi lao dong nhan duge
1ap thanh cap s6 cong (u,) co s6 hang dau u; = 120, cong sai d = 18.
O phuong an tra luong thi hai, s6 tién lwong mdi quy nguoi lao dong nhan duoc 1ap
thanh cap s6 cong (v,) co s6 hang dau vy =24, congsaid’=1.8.
a) Néu ki hop dong lao dong 3 nam thi:
Tong s6 tién luong ngudi lao dong nhén dugc trong 3 ndm & phuong 4n 1 1a tong
3 s6 hang dau ctia cip s6 cong va bang:
_(uy+2d).3
2
Do 1 nim ¢6 4 quy nén tong s6 tlen luo‘ng ngu’oﬂ lao dong nhan duoc trong 3
nam & phuong an 2 1a tong 12 s6 hang dau cua cap sé cong va bang:
Qv +11d) .12
2

=3u; +3d =3.120+3 .18 =414 (triéu dong).

Sy = =12v; +66d =12 .24 +66 . 1,8 =406,8 (triéu dong).
Vay néu ki hop dong lao dong 3 nim thi em nén chon phuong an 1.
b) Néu ki hop dong lao dong 10 nim thi:
Téng s6 tién lwong ngudi lao dong nhan duoc trong 10 nam ¢ phuong an 1 bang:

(2uy+9d) . 10
Sto=

=10u +45d =10.120+45.18=2 010 (triéu dong).
Téng s6 tién lwong ngudi lao dong nhan dugc trong 10 nim ¢ phuong an 2 bang:

Sxo = Wyrd ). 4% +3Zd LA 40v; +780d =40 . 24+ 780 . 1,8 =2 364 (tricu dong).
Vay néu ki hop dong lao dong 10 nam thi em nén chon phuong an 2.
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C.BAITAP

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.
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Trong cac day sb (u,)) v6i s6 hang tong quat sau, day s6 nao la cé.p s6 cong?

Au,=3" B -1-3n Cu =3"+1. D.u, =3 +n’

Cho chp s6 cong (u,) biét = %; ug =26. Cong sai d cua cép sb cong do 1a:
Al nl cl n2

3 3 10 11

Viét l?a s0 hang xen gilra cac s0 2 va 22 dé durge mot cap so cong co6 nam so hang.
Ba s6 hang d6 lan luot la:

AT 12: 17 B. 6; 10; 14. C.8:13; 18 D. 6;12; 18.
Cho cip s6 cong () biét us+u,=19. Gid tri cua 1y +uyq la:

A. 38. B. 29. 12 D. 19.

Cho (u,) la cép s6 cong co s6 hang dau u; =2, congsaid=-5. Téng 10 s6 hang
dau cua cap so cong do la:

A. —410. B. - 205. C. 245. D. —230.

Cho (1) la cp s6 cong co S, W +4nvei neN. 8 hang dau u, va cong sai d

cua cap s6 cong do la:

Au=3,d=2. B.u;=5d=2.
Cou=8d=-2 D.uy=-5,d=2.
Cho ba s 1 !

. = theo thir tur 1ap thanh cép sb cong. Ching minh
b+c c+a a+b

r:;“mg ba sb az, bz, ¢ theo thir tu ciing 1ap thanh mét cép sb cong,
Tim x dé ba s6 10 — 3x, sz + 3, 7 — 4x theo thir tw 1ap thanh mét cfip s cong.
Tim s6 hang diu va cong sai clia cap s cong () biét:
1y =10 u) —uz +us =10 S19 =165
a) b ’ c
uy =19, ) +ug =17 Shp =630.
Cho (u,) la cép s6 cong co Uy + 1y =22, uy . ug=21vacong sai d duong.
a) Tinh u) ), 8. b) Tinh tong: T e L TOL

Tim nim s6 hang lién tiép cia mét cap sé cong, biét tong cuia chung bang 40 va
tong binh phuong cua chiing bang 480.



26. Cho (u,) la cp s6 cong co Uy F g g Ty Ty Ty =234,
a) Tinh u, +ug + 1y 4 + 1y,
b) Tim u ., d, biét u, = 37.

27+ Cho diy s6 (u,) biét Uy ==2, thyy = ; "n_ y6i neN".
-1,

bit v, = ty +1 véi neN".
u,
a) Ching minh rang diy s6 (v,) 1a mot cép s6 cong. Tim s6 hang dau, cong sai
ctia cdp s6 cong do.
b) Tim cong thue cua v, u, tinh theo n.
¢) Tinh tong S mbgdg by o1
Uy Uy uz upo

28. Chuong dong ho ¢ mot toa thap danh s6 tiéng ding bang s6 gio va cir mdi 30 phut
khong phai la gios ding thi danh 1 tiéng chuéng. Hoéi bt dau tir lac 1 gior dém dén
12 gios trwra, chudng dong ho do da danh tat ca bao nhiéu tiéng?

29. Cac khic gd duge xép nhu Hinh 2.
Luot thir nhét ¢6 21 khuc, luot thir hai
¢6 20 khuc, ..., lugt trén cuing ¢ 15 khue.
Tinh tong s6 khiic gb da duoc xép.

§3 ' CAP $6 NHAN

A. KIEN THUC CAN NHG
1. Dinh nghia

Day sb (u,) la cdp 56 nhdn néu u,=u, ;.qvéin=2qla s6 khong dbi.

S6 q goi la cong boi cua cép sb nhan. Néu u, #0v6imoi ne N* thi g= Un voi
n>2. Mn -1
Néu g = 1 thi cap s6 nhan 1a mét day s6 khong doi.
2. S6 hang téng quit
Cho cép s6 nhan (u,) €6 s6 hang dau u, va cong sai d, ta co:
un=u14q"71vdin22.
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3: Téng n 56 hang dau ciia mét cip s6 nhan
Cho cép s nhan (u,)) c6 s6 hang dau u vacong boi g (g # 1).
DatSn:u] Tyt ta co:
5, =10=d")
1-q
B.ViDy
Vén dé 1. Chitng minh mét day s6 1a mét cip s6 nhan
Phuwong phdp: Vi day sb (u,), chimg minh 2, =u, ;. q (q khéng dbi) véi moi n > 2

u N *
hay chimg minh thuong uf" khong doi véimoin > 2 (khiu, # 0 véimoi neN ).
n-1
Vi du 1 | Chimg minh mdi day sé (u,,) v6i 56 hang tong quét nhu sau la cap s nhan.
Chi ra s6 hang dau uy va cong boi g:

-3
a) u":T.Zn; b)u, =(=0,75)".
Giai

. B -3 B ~3 i -
a)Ta co: u1=7.2 = 14,,:7.2":7.2" .2=u,_ 1.2 v6i moi

n>2. Viy diy s6 (u,,) da cho 1a mot cép s6 nhan co uj = _T va cong boi g = 2.
b) Nhin thiy u, # 0 véimoi neN".

n
Tacé: uy =(-0,75)' =— 0,75, Mn_— _COTI

=—0,75 véimoin>2.
Ulum(=0575Y |

Vay diy sb (u,,) di cho la mot cip s6 nhan c6 s6 hang dau up =-075va
cong boi g =—0,75.

Vin dé 2. Xac dinh s6 hang va cong bdi cia cip s6 nhian

Vidy 2 | Cho cip s6 nhan (u,,) voi s6 hang diu u; =—35, cong bdi g =2.

a) Tim ug.

b) S6 — 320 la s6 hang thir may ctia cip s6 nhan trén?

¢) 86 160 ¢6 phai la mét s hang cua cép s nhan trén khong?
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Gidai
a)Tacoru, —u,.q" ' =(=5).2" 1. Do do,uy=—5.2%=—1280.
b)Tacé: (-5).2" ' =320 2" 1 =64=2%c n=7. Viysb3201asé hang

thir 7 cua (u,)).
c)Doun:u].qnil:(—S).2"71<0VdiinneN*néns6160kh6nglaséhang
nao cua (u,).

, 3 i i 27 i i
Vidu3 Chocépsf)nhén(un)vdlul=3,u3=T.Timcéngb{)lqcﬁa(un),blétq>0.
Gidi
Dozz3:ul.q2néntac<'):2747=3.q2 hay q2=%.Méq>O.Suyra q=%.

Vi du 4 | Cho cip s6 nhan () vOi g = 16 va u, +u, = 40. Tim 6 hang dau Uy v

cong boi g cia cap sb nhan do, biét ¢ > 1.

Gidai
2 _
s 73, o u . q- =16 2
Tur gia thiét, ta co: g Viu, . q"#0nénu vaqkhicO.
u(g+q”)=40.
=0
2 2 q
16 2
Suy ra: g 3=-—<3L§=—©2q3—5q2+24=0® q=2
g+q 40 g+q 5 ]
4—?

Ma g > 1 nén g = 2. Thay g = 2 vao phuong trinh u; . q2 =16, ta duoc u; =4.
Vay (u,) co s6 hang dau uy =4 vacong boi g = 2.
Vin dé 3. Tinh téng n 56 hang dau cia cip s6 nhan
Vidu 5 Tinh tong: S = 10 + 10° + 10° + ... + 10°°.
Giai
Nhan thay S la tong 20 s hang dau ciia mét cip s6 nhan co s6 hang dau uy =10 va

10. (1-10%%) 102" -10

cong boi g =10. Vay S = 116 5
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Vién dé 4. Ung dung

Vi du 6 | Mot nguoi nhiy bungee (mét tro choi mao hiém ma nguoi choi nhay
tir mot noi co dia thé cao xudng voi day dai an toan budc xung quanh nguoi) tir
mot cay cdu va cang mét soi day dai 100 m. Gia si 2
sau mdi lan roi xuéng, nguoi nhay dugce kéo 1én mot
quing duong co do cao bang 75% so vai lan roi trude
do va lai bi roi xuéng dung bing quang dwong vira
dwoc kéo 1én (Hinh 3). Tinh tong quing duong nguoi
do di duoc sau 10 lan roi xuéng va lai duoc kéo 1én,
tinh tir luc bit dau nhay (lam tron két qua dén hang
don vi).

Giai

. = — )
I T T AN T IO TN

Goti 1y (m) la quang duong ngudi choi roi xudng & lan tht nhat, ta co: u, =100;
vy (m) la quing duong ngudi choi duge kéo 1én o lan thir nht, ta co:
vy = 100:0,75=95;
i (m) la quang dudng nguoi choi roi xubng & lan thw hai, ta co: Uy = vy = 0,75uy;
v, (m) la quing duong ngudi choi duge kéo 1én ¢ lan tht hai, ta c6:
vy =0,75u, = 0,75v,.
Nhu vay, ta co hai cép s6 nhan déu co cong boi 0,75 la: Uy, Uy s Upg va
Vs Vs oo Vi voi u = 100 va v = 75
Ta co:
10
1-0,75
B | wkvsaEvp=lb .
1-0,75 ] e [
Viy quing dudong ngudi do di duge sau 10 lan roi xudng va lai duge kéo Ién (tinh
tr lac bat du nhay) la:

1-0,75'0
1-0,75 |

Uy +uy +...+up =100 . [

1-0,75'0
(u1 tuytot um)Jr(v1 Tyt +v10) =175 . EeT) ~ 661 (m).
C.BAITAP
30. Trong cac ddy s6 sau, ddy s6 nao la cip s6 nhan?
A. 128, -64;32; - 16; 8. B. 2,2, 242, 4,8.
C.55;6;7;: 8;9. D. 15; 5; l;l;i,
5 25
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31.

32.

33;

34.

35.

36.

37.

38.
39.

40.

Poc ban méi nhét trén hoc10.vn Ban mau

Trong céc day s6 (u,) voi s6 hang tong quat sau, day s6 nao la cip s6 nhan?

_gh _ _gn L
Aou, =5 B.u, =1+5n Cou,=5+1 D.u,=5+n".
Cho cép s nhan (1,)) €6 6 hang dau 1) =2 vacong boi g=-2. Giatri us la:
A, -32. B. - 16. C. -6. D. 32.
Viét bén sb hang xen gitra cac s6 1 va — 243 dé duoc mot cép $b nhan ¢6 6 s6
hang. Bén sb hang do lan luot la:
A.-3,-9,-27,-81. B.3.-9.27,-81.
C.3;9;27. 81. D.-3;9;-27,81.
Cho cép s6 nhén (i), biét u, . u, = 64. Gid tri cia uy . u 1a
A. -8 B. - 64. C. 64. D. 8.
Cho (u,) 1a cép s6 nhan co u = l; ug =729. Téng 8 s6 hang dau cua cap s6 nhan
d6 la: 3

8 t 8 8

A B/ N el p. 122

2 6 2 6
Cho hinh vuéng C; ¢6 canh bang 1. Goi C, la hinh vuéng c6 cac dinh la trung
diém cac canh cta hmh vuong C 3 C5la hmh vuéng co cac dinh 1a trung diém cac

canh cua hinh vuéng Cs; ... Cur txep tuc qua trinh nhu trén, ta dugc day cac hinh
vudng Cl‘. Cz: o Cn; ... Dién tich cua hinh vudng C2023 la:

1 1 1 1
o= B. ———. C. ——, D.——.
22 022 22 023 21 011 21 012
Cho ba sb 2 —1~ — theo thir tw 1ap thanh mot cap s6 cong. Ching minh

b7 b -
rang ba s6 a, b, ctheo thu tur do 1ap thanh mét cdp s nhan.

Tim x dé ba s6 2x — 3; x; 2x + 3 theo thir tw lap thanh mét cz‘ip 6 nhan.

Tim s6 hang dau va cong bdi cua cap s6 nhan (). biét:

a {113:16 y {u1+116=244 {ul+uz +u3 =13
1y +11y =40, Uy . us =243, g +us +ug =351.

Cho (u,) la cép s6 nhan co Uy +ug =51 vau, +us=102.

a) Tinh u .

b) S6 192 1a s6 hang thir méy cua cdp s6 nhan trén?

¢) $6 9 216 c6 1a s6 hang nao cua cép s6 nhan trén khong?



41. Mot cép s6 nhan co 7 s6 hang, s6 hang thu tu bing 2, s6 hang thu bay gap 32 lan
s6 hang thw hai. Tim céc s hang cuia cip s6 nhan do.
42. Basb phan biét tao thanh mét cip s6 nhan c6 tong bing 78; ddng thoi ching 1a s6
hang tht nhat, thi ba va thtr chin cia mét cép sb cong. Tim ba sb do.
43. Cho cép s6 nhan () biét u=-1g=3.
a) Tinh tong 10 s hang diu cta cip s6 nhan do.
b) Gia st tong m s6 hang dau ctia (u,) bang — 364. Tim m.
¢) Tinh téng getelod T L
Uy Uy Uz Uy U
A % 1 L. * _ 3
4. Cho day so (u,) biét uy =1, uy=—u, 1+1 véine N,n22.bat v, =u,—=
voi neN . 3 2
a) Chimg minh ring diy s6 (v, la cép s6 nhan. Tim s6 hang dau, cong boi cua
cép s6 nhan do.
b) Tim cong thire s6 hang tong quat cta ), ().
¢) Tinh tong S =u; +uy +u3+... 41 .

45. Anh Diing ki hop dong lao dong trong 10 nim véi phuong an tra luong nhu sau:
Nim thtr nhat, tién lvong cta anh Diing 14 120 triéu dong. K& tir nim thir hai tr&
di, mbi nim tién lwong ctia anh Diing duoc ting 1én 10%. Tinh tdng s6 tién lwvong
anh Diing linh duoc trong 10 ndm dau di lam (Iam tron két qua dén hang don vi
theo don vi triéu d@)ng).

BAI TAP CUGI CHUONG I

47. Cho day s6 (,) biét 0 = 5" —n. S6 hang u,
n+1

AT a1 B.5"" a4l C.5"_n+l D.5"-n-1

48. Cho day s6 (u,)) biétu; =2, u, =§(un _1+1) véi n22. 86 hang u, bing:

2 14 5
A uy=1. B.ouy=—. Couy=—. D.ouy==.
4 473 Ty Ty
49. Trong cac diy s6 (u,)) v6i s6 hang tong quat sau, day s6 ting la:
2
A u,=—. B. u, = G, n, =27, D.u, =(-2)".
3" n

56
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51.

52.

56% Cho diy s6 (u,) biét u=lu,=2u

. Cho diy s6 (u,) €O tong 1 s hang dau la Sy =

. Téng 20 s6 tw nhién lién tiép chia hét cho 3 tinh tir s6 3 la:

A. 1320. B. 660. C. 630. D. 1260.
Trong céc day s6 (1,)) v6i s6 hang tong quat sau, day s6 nao la cip s6 nhan?
1
A. un=-1—. B.u,=1+—. C. un=i+1. D. un=L.
57 5n 5" n?

Cho cép s6 nhan (u,)) co tit ca céc s6 hang déu khong am va Uy =6,1,=24. Téng
10 s6 hang dau cta (u,) la:

A.3(1-219, B.32° 1) .32 1. D.3(1-2).
. Téng 1+ 11+ 101 + 1001 + ... + 100...01 (12 s6 hang) bang:
11 12 12 11
4 101+107. g l0+os  10%4107 L o10'+o8
9 9 9 9

. Cho day s6 (u,) biét u, = cos[(znﬂ)ﬂ

a) Viét sau s6 hang dau cua day s.

b) Chimg minh rang U, o=, v6imoi n21.

¢) Tinh téng 27 s6 hang dau cua day s.

- 1-5np véi neN".
a) Tinh uy, uy vaus.

b) Tim céng thirc cua s6 hang tong quat U,

¢) Chimg minh ring day s6 (u,)) 1a mot cip s6 cong.

el =2, +2V6in22.

a) Viét nam s6 hang dau cta day s6.
b) Dat v, =

1, VO nE N Chimg minh rang day sb v, la cép sb cong.

¢) Tim cong thue cua v,, u, tinh theo n.

: " +1 ’
S7% Cho day s6 (u,)), bict u; =2, u,, , =n2—un véineN".
n

Poc ban méi nhét trén hoc10.vn Ban mau

bat v, =In v4ineN".
a) Chyt'mg x};llinh ring day s6 (v, la cép s6 nhan. Tim s6 hang dau, cong boi cua
cap so nhan do.
b) Tim c6ng thue cua u,, tinh theo 7.
57



58. Mot cong ty mua mot chiéc may voi gia 1 ti 200 tridu dong. Cong ty nhan théy,
trong vong 5 nam dau, toc do khau hao 1a 25%/nam (tirc 1a sau mdi mot nam, gia
tri con lai cia chiéc may bang 75% gi tri ctia ndm trude do).

a) Viét cong thuc tinh gia tri cua chiéc may do sau 1 ndm, 2 nam.
b) Sau 5 nam, gia tri cua chiée may do con khoang bao nhiéu triéu dong (lam tron
két qua dén hang don vi)?

59. Mot hinh vudng c6 dién tich bi“mg 1 don vi dién tich. Chia hinh vuéng dé thanh
9 hinh vuéng bang nhau va to mau hinh vuéng & chinh giita. Vi mdi hinh vuéng
nho chua duoc té6 mau, lai chia thanh 9 hinh vuéng bang nhau va t6 mau hinh
vuéng & chinh gitta. Ctr nhu thé, qua trinh trén dugc Lap lai.

a) Tinh tng dién tich phan da dugc t6 mau & hinh thir nhat, thi hai, thi ba.
b) Du doan cong thire tinh tong dién tich phan da dwoc té6 mau & hinh thi 7.

|
Hinh thir nhdt Hinh thir hai Hinh thir ba

> L3I GIAI - HUGNG DAN - DAP $G

§1 DAY sO
1.C. 2.C. 3.B. 4A 5C. 6.C.
7. Tong 6 s6 hang diu cua day s6 (u,)1a57.
8. Nim s6 hang diu cua day sb (n)1a 2 «/g; 242; \/ﬁ; 243.
Du doan cong thire s6 hang tong quat Uy, = \/Z(n—+1) .

9. u,= 2n:l .
2n~+1
10. 2y Y2, V2. _ﬁ; 2
22 27 2
58

Poc ban méi nhét trén hoc10.vn Ban mau



b) thys 4 =sin [(2n+7)ﬂ =sin [(2n—1)§+2n:| = sin|:(2n —1)%] =1, Vn21.

¢) Téng 12 s6 hang cua day s6 la: L O T [ T

2 N2, 2, 2
=3(uytuytugtu)=3. £+£+—J_+—J— =0.
2 2 2 2 2

11. a) Diysd tang.  b) Day s6 ting, ¢) Day s6 giam.
d) Khéng la diy s6 tang, khong la day s6 giam.
_an+D)+2 an+2 _ a—2

12. Tacéd: upy —u, = =
R ) n+l  (n+2)(n+l)
Vay (u,) la day s6 tang khi a > 2.

>0a>2.

13. a) Ta co: \/nz +124/2 Vne N" nén day s6 (u,)) bi chan dusi.

b) Ta co: — n-n<-2Vne N* nén diy s6 (u,,) bi chan trén.
c)Taco: 0< 2y

* 7
<2 Vn e N nén diy so (u ) bi chan.
L y s6 (u,) bi cha

14* Ta thiy duong tron dugc chia thanh 7 + 6 cung bing nhau va mdi cung c6 s6 do

+6
tron nén goc & dinh ciia mdi ngdi sao 1a goc néi tiép chinn + 6 — 2 . 3 = cung

5 360 \° — Lo A B
bang [—] . Do moi diém dugc noi voi diém cach no hai diem trén duong
n

bing nhau do. Suy ra s do goc & dinh tinh theo don vi d cua mdi ngdi sao la
1 360  180n

w,=—. = ;
2 n+6 n+6

n

§2 CAP sO CONG
15.B. 16.A. 17.A. 18.D. 19. B. 20.B.
1 1
+¢ c+a a+
1 1 1 1 2 1 1
- = = + y
ct+a a+b b+c

21. Do ba sé

theo thur tw 1ap thanh cép sb cong nén

c+a b+c a+b c+a

= =aP+c b —a? =c?—b>. Suy ra ba s6 %, b2, ¢ theo thir tir cling
1ap thanh mét cép s6 cong.
59
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22.

23.

24.

25.
26.

28.

29.

Basé 10 - 3x, 2x° + 3, 7 — 4x theo thir tw 1ap thanh cép sé cong khi

=1
(2% +3)-(10-3%)= (7 4v) - 2 +3) = 47+ Tx— 11 =0 @{ 11
X=—
4
au;=1,d=3. b)u; =16,d=-3. cu;=3,d=3.
a)Taco:u) = 1,d=5.Suyra U)o = 496, 5100:24 850.

b) Cac sb Uy, s, u?, <o Uy lap thanh cp sb céng co S,é hang dau u; =1, cong
sai d”=4d =20. Tong u; +ug +ug +...+ u;5; gom 26 so hang va bing 6 526.
Niim s6 hang lién tiép cua cip s6 cong can tim la: 0; 4; 8; 12; 16.

a) 156. byu; =19,d=2.

1-u

p N

u

1 1
a)Taco: v, =1+—, v, =1+ =1+
Uy

Up i1 Up n

Khi do, v, —v, =“L—(1+HLJ=— 1 voi moi neN*.Véy day sb ,) la mot
n n

cép s6 cong c6 s6 hang dau v = %, congsaid=—1.

3 2

b) v, =E—n, u, = "
1 1 1 1

©) S=—F—+—+._ +——=(y = 1)+(vy 1) +(v3 1) +...4+(vp0 1)
uy U @3 oo,

=V +vy+v3 4.+ —20=—200.
Lic 1 gio dém, toa thap danh 1 tiéng chudng; luc 2 gio dém, toa thap danh
2 tiéng chudng; ...; lic 12 h trwa, toa thap danh 12 tiéng chudng, Ngoai ra, méi
30 phit khong phai la gio ding thi danh 1 tiéng chudng (co6 11 lan nhu thé tir
1 gior dén 12 gio).
Viy tong s6 tiéng chuong la: S= (1 +2+3+ ...+ 12)+ 1. 11 =89.

gy (21415).7

Téng s6 khuc g duge xép 1a: 15+ 16+ .. 126.

§3 CAP SO NHAN

30.A. 31.A. 32.D. 33.D. 34.C. 35.B. 36.A.

60
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37. Do ba s b2 % bitheo thir tu 14p thanh moét cép s6 cong nén
1 2 2 1 =b—=a b+c 2 b ¢
—— = & = = b =acs —=—.
b b-—a b-c b b-a b-c a b

Suy ra ba sd a, b, ¢ theo thr tur 1ap thanh mét cép s6 nhan.
38. Basb 2x—3, x, 2x + 3 theo th tu lap thanh mét cap s6 nhan khi

ad =ﬁ:x2 =3& x=i\/§.
2x—~3 %
, U3 16
39. a) Taco: uy +uy =—+u3g =—+164.
q q
16 =]
Suyra 2 +16g =40 = 16¢° —40g+16=0= |7~ 2
q =
q=2.

Lai c6 u3 =u]q2 =16=1 =%.
g 9
Veéi g =7 thiu, =64 Véig=2thiu, =4
b)u;=1,g=3hodcu; =243, ¢g=1.
Qu =1,9g=3.
40. a) Xét s6 hang dau uy va cong boi g. Tur gia thiét ta co:
4 4
w +uq” =51 w1+ =51 =2
1 +ug o juld+a) e {EI
ulq+ulq5 =102 u]q(1+q4) =102 u =3.
Suyraug=u . q9:3 .27 =1536.
b) S6 192 1a s6 hang thir 7.
¢) Gia sir 9 216 1a s6 hang thir » ciia cip s nhan ()
Tac63.2" 19216 2" 1 =3072. Do 3 072 chia hét cho 3 ma véi n 1a s6
nguyén duong thi 2"~ ! khéng chia hét cho 3 nén khong ton tai 7 thoa man. Vay
56 9 216 khong 1a s6 hang nao cia ().
41. Cap s6 nhan do la: %; %; 1, 2; 4; 8 16.
42. Bas6 can tim la: 6; 18; 54.
61

Poc ban méi nhét trén hoc10.vn Ban mau



43. a) S}, =—-29524. b)ym=6.
11 | P I P L oo n_ L o
¢)Day —; —: ..., — la cap s0 nhan v6i s6 hang dau la u; =—=—1, cong boi
Uy us Ll

i gr=tad,

3 5
| A
1 1 1 1 3 121

Suy ra S=i+—+—+—+f=7=

—

wooun uz Uy Uus 11 81
3
3 1 £ | 1 1 3 1
M4 a) Ta co: v, =u,——=—uy 1 +1——=—u, | ——==|u, 1—=[==-v,; VoL
) n=tnT, Ty n-1 2 3 n—1 by 3( n-1 2) 3 n-1
®
moi neN , n>2.
Vay (v,) 1a cép s6 nhan c6 s6 hang dﬁuv]=—%,céngb6i q=%.
-1 S 1 3"-1
B 3 3 3
©) S=up+up+uz+..+ug=[ += [+ vo+= |+ 3 += |+... 4+ o +=
; 2 2 =2 2
= R e . r v e 1 S =0 483
A Ay XN TITTH

45. 1912 triéu dong.

BAI TAP CUOI CHUONG i

47.A. 48.D. 49.C. 50.C. 51.A. 52.C. 53.B.
54. a) Sau s hang dau cua day sd1a: 0, —?; —g; 0; 73; 73

b) Ta co:

Uy, ¢ =COS [(2n+13)§] =cos [(2n+l)§+21\:] =cos [(2n+l)§] =u,voinx1.

c)Viztn:uw_GV('rinZlnén
Uty tug o F gy =4 (gt gty gt ug) gty g
RISEYE R S E B

2
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55. a)Taco: up =S, =-3.
Vi Sy =uj+uy=—11nén uy =5, -5 =-8.
Vi S3=8,+u3=—24nén u3 =53 -5, =-13.
b) Taco: u, =S,—-S,_1=2-5n.
¢) Taco: u, —u,_; =—5 véimoi n>2. Vay diy s6 (1,,) 1a mot cép s6 cong.
56* a) Nam sb hang dau cua day sdla: 1;2:5: 10; 17.
b) Twr cong thirc u =2u,—u

_1t2suyrau u =u —u 7]+2hay

n+1 n—1- ntl""n Tn Un- :
v, =V, | +2v6i n22. Viy day s6 (v,) la mét cap s6 cong c6 s6 hang dau
v, =1 vacong said =2.

¢) Trkét qua cu b, taco: v, =—1+2n.

Tacorvy =uy—uy

nTil
Vn-2" U 1742

Va1 WU
Cong theo timg vé ciia n — 1 ding thire trén, ta co:

VitV V3t =gt Sy, :1+(n—1)2A

Up 11 n+1 u 1 / *
57% a) Taco: v, = = u, |:(n+l)=L=—v, véineN .
) n+1 b1 ( 0 nJ ( ) m 2N

Vay (v,) lamot cép s6 nhan co s6 hang dau vy =-2,cong bdi g= l

) 1 n-1 1 n-2
b) Turkét qua cau a, ta co: v, =(— 2).(EJ , suy ra u,,=—n(5j .

58. a) Gia tri cia may sau 1 nam, 2 nam lan luot la:
1200. 0,75 = 900 (triéu déng), 1200 .0,75° = 675 (triéu dong).
b) Sau 5 nim, gid tri chiéc may do con la: 1 200 . 0,75° ~ 285 (triéu dong).
59. a) Dién tich phin da dwgc t6 mau & hinh thi nhat, hinh thir hai, hinh thtr ba lin

2 3
- 1_@:; 1_(§) _17, 1_(§) _27
9 9 9 81 9 729

8 n

b) Goi Sn la dién tich ph?m di dwroc t6 mau & hinh thir n. Ta co: S, = 1—(5j
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Chuong X< [o/l37:-\\'}

II1 HAM SO UEN TUC

§1 GIGI HAN CUA DAY SO

A. KIEN THUC CAN NHO

1. Cac dinh nghia

a) Gi¢i han hiru han cia day sé

« Day s6 (u,,) ¢6 gioi han 0 khi n dan t6i duong v6 cuc néu |un| 6 thé nho hon mot

s6 duong bé tuy v, ké tir mot s6 hang nao do tr di, ki hidu  lim  u, =0.
n—+wo

e lim wu,=anéu lim (u,—a)=0.
n—>+o n—>+o

Chit y
— Mot day s6 co gi6i han thi gioi han d6 1a duy nhat.
— Khéng phai day s6 nao ciing c6 gioi han, ching han nhu day 6 (u,,) véi u,, = (- 1)".

~Tacothé viéttat lim u, 1alimu,
n—>+o

b) Giéi han vo cuc

« Diy s6 (u,,) ©6 gi6i han + oo khin dan téi duong vé cuc néu u, co thé 16n hon mot
s6 duong bat ki, ké tir mot s6 hang nao do tro di, ki hiéu  lim  w, =+ =
z n—+wo
e lim wu,=—conéu lim (—u,)=+o.
n-—>+ o n—+ o

¢) Tong ciip s6 nhan Lui vo han
Cép s6 nhan vo han up, g, ..., ulqn_l, ... €6 cong boi g thoa man |q| <1 duge goi
la cap s6 nhan lai v6 han. Tong ctia cap s6 nhan do la:
S=u +ug+..+ug" .=
l-¢q
64
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2. Pinh li vé giéi han hitu han

« Néu limu,, =a, limv,, =b thi:

lim(u,, +v,)=a+b; lim(u,, —v,)=a—b;
lim(u, . v,)=a.b; limu—"=£(vn¢0,b¢0).
v, b

« Néu 1, 20 véimoi n va limu, =a thi a>0 va lim,/u,, =\/5.

3. Mot s6 giéi han co ban
o liml =03 limik =0 v6i k la s6 nguyén duong cho trudc;
n n
. limi =0: limik =0 voicla hiing sb, klasé nguyén duong cho trudc;
n n
* Néu |q‘ <1 thi limg" =0;
1 n
. lim(1+f) =e~2,718281828459045:
n

« limn* =+ oo v6i klash nguyén duong cho trudc;
* lim q” =+ o néu g>1la 6 thue cho trudce;

£ o1 | T . A u
* Neu limu, =a va limv,, =+ o (hodc limv, =— ) thi lim—"=0;

Vn

P Lo Y . T

e Néu limu, =a, a>0 va limv, =0, v, >0 v&i moi 7 thi lim—2=+ oo
v,

n

* Néu limu, =a, a>0 va limv, =+ o thi lim(z,v,) =% c.

B.ViDU
Vin dé 1. Xic dinh giéi han cia day s6 biang dinh nghia

(GRS
n

Vidu I | Chimg minh ring lim =0.

Giai

. - .
Xét day so (u,) co u, = ( \/_) . Gia st i la s6 duong bé tuy y cho trudce. Ta co:
n

b, Tl |un|<h©L<h©l<h2©n>L.
n

n n >

ey
] ‘ -
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; £ ’ 1
Vay véi cac so tu nhién # 16n hon - thi |un‘ <h.

Theo dinh nghia vé day s6 c6 giéi han 0, ta co: lim =0.

="
Jn

Vén dé 2. Tinh giéi han hiru han cia day s6 bang dinh Li
Vi dy 2 | Tinh cac gi6i han sau:

a) lim(S—%} b) lim[4—zj[5+i}
n n 3"

Gidi

w

b) 1im(4—z) 5+L =(lim4—limz). li1115+limL =4.5=20.
n 3" n 3"

Vién dé 3. Tmhgmrlhancuadaysocodangg ok H(C::-O) —

Phuwong phdap: St dung dinh li gioi han hitu han va mot 56 gio1 han co ban
Vidyu 3 | Tinh cac gi6i han sau:

a) lim(S—%J=lim5—limi=5~0=5,
n

2+1 3+1
. " 3n+2 R . 2n+1
. : n.
a) lim 7 b) lim———— 4 ¢) lim T & d) 11m_3n+4.
Giai n2
1

ol
a) Vi um(2+l]=1im2+1iml=z+o=2 va lim2" =+ o0 nén lim—"1.=0,
n n

b) Vi lim(— 3n+2)=lim[n(— 3+Z)]=lim[(—3) .n]=—o va4>0nén
n

. —3n+2
lim =
1
. 1 .. q 1 & -3+
OVilim| —3+— |==3<0; lim—=0va—>0 VYneN nénlim LS
" R T
1 1 n?
an+1 n[2+7J lim[2+7) 9
d) lim——"" = Jim L B o 2
—-3n+4

n(—3+i) lim(—3+ij 3
n n
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Vin dé 4. Tinh téng ciia cAp s6 nhén lai vo han

Vi du 4 | Tinh cac tong sau:

2 2 2 "
AM=2+—+—+..+—+..; b) N=3—3+i—,..+3 —l s
552 5" 4 42

Giai

a) Cac s6 hang cua tong lap thanh cip sb nhan (u,)co u =2, 9= % <1 nén

M=2+3 2y 42 222
5 52 57 1_1 2
5
b) Céc s6 hang ctia tong lap thanh cip sb nhan (u,) 6 uy =3, q:—%, q|<l nén
n
N=3-242 LV -2 2
& 42 4 s

Vin dé 5. Ung dung
Vi dy 5 | Motmau chit phong xa ZL9Po c6 khdi lugng ban diu m, =42 (mg), nhung
clr sau mot khoang thoi gian 7' = 138 ngay thi khoi lwong chét do giam di mot nia

(T duoce goi la chu ki ban ra). Goi u A 1a khéi lugng con lai cia mau chét phong xa
sau » chu ki ban ra.

a) Tim s6 hang téng quat cua day sb ().
b) Tinh gidi han cua diy s6 (u,,) va cho biét ¥ nghia ctia gidi han do.
Gidai
a) Vi cir sau 1 chu ki ban ri thi khdi luong mau chat phong xa giam mot nira nén
(u,)la cip s6 nhan véi uy =21 vacongbdi g=—.
; p y 42
Khi d6. s6 hang tong quat cua day so (u,) la: u, = —
2
o . 42 (1Y o . )
b) Ta co: limu, =lim—=1im 42 . lim 3 =42.0=0. T gioi han do, ta rat
2

ra dugc y nghia: Khi » cang dan t6i vé cuc thi khoi lwong con lai cua mau chét
phong xa cang din vé 0, nghia [ sau m6t khoang thoi gian du dai thi khéi lwong
con lai ctia mau chét phong xa la rat nho (dén mirc khong dang ké).
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C.BAITAP
1. Phat biéu nio sau day la sai?
1

2"

2. Cho limu, =a, limv, =b. Phat biéu nao sau day la sai?

1 - (3Y )
A.lim—=0. B.lim|>| =0. C.lim
2" 2

*5]:0.

=0. D. lim(——
2

A. lim(u, +v,)=a+b. B. lim(u, —v,))=a-b.
C. lim(u, .v,)=a.b. D. limui:a—-b.
Y b
3. Néu limu, =C va limv, =+ o (hoic limv, =— o) thi lim ¥ bang;
Vn
A 0. B. — . C. + . D. — o hodc + .

4. Phat biéu nao sau ddy la sai?

A.Néu limu, =+ o va limv, =C, c>0t}u‘1iml:—"=+ .

n

B. Néu limu,, =— o va limv, =C, C <0 thi liml\j—":+ ©.
n

C. Néu limu, =+ o va limv, =C, C <0 thi um"i—":o.

n

D. Néu limu,, =— o va limv, =C, C >0 thi lim“—":— 0,

5. Phat biéu nao sau day la ding? "z

A. Néu limu, =a thi lim\/u_n=\/—z;.

B. Néu limu, =a thi a>0 va lim \Ju, =+/a.

C.Néu limu, =a thi a>0.

D. Néu u,, >0 v6imoi nva limu, =a thi a>0 va lim\/;:«/;

, Lo (=)
6. Chung minh rang lim = 0.
n

« 4
7. Cho hai day s6 (), (v,) voi u, =3———, v, = s
' y (). (v,) n il ;-
a) limu,, limv,;
b) lim (u,, +v,,), lim (,, —v,,), lim (u,, . v,), lim 22,

8. Tinh cac gioi han sau: "

-3+
@) lim 2*2, b)lim3”+42; ¢) lim——1+1, d)lim(s—inj.
3 — 5 5 4
n
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9. Tinh cac gi6i han sau:

_ reu 3
a) li1n6n 5; b) limizz 6n+2; c) limin2 SR 5
3n 8n°—5n+4 3n"—4n+2
L —dn+l - Nan? +n+1 N
d) llmzi; e) lim—; g) im—— .
on“—n+2 8n+3 3.4%-4.5"
10. a) Tinh tong cua cip s6 nhan lui v6 han (u,) voi 1y =%, q =—§,

b) Biéu dién s6 thap phan vo han tuan hoan 2,(3) du6i dang phan s.

11. Tir dd cao 100 m, nguoi ta tha mot qua bong cao su xuéng dat. Gia sir ctr sau mdi
lan cham dt, qua bong nay 1én mot do cao bang % do cao ma qua bong dat dwoc
trude do. Goi hn 1a do cao qua bong dat dugc ¢ lan nay tha n.

a) Tim s6 hang téng quét cta day sb ().

b) Tinh gioi han cia day sb (h,)) vanéu y nghia giéi han cua day s6 (h,).

¢) Goi S, I téng o dai quang dudmg di duoc clia qua bong tir lc bat diu tha qua
bong den khi qua bong cham dat 1an thir n. Tinh S, , néu qua trinh nay ctr tiep tuc
dién ra mai thi tong quang duong qua bong di chuyén duoc la bao nhiéu?

§2 G161 HAN CUA HAM sO

A. KIEN THUC CAN NHG

1. Cac dinh nghia

) Gi6i han hiru han cia ham s6 tai mot diém

Cho khodng K chira diém X, va ham s6 flx) xédc dinh trén K hodc trén K \ {xo}-
Ham s6 f{x) 6 gidi han la s6 L khix dan to1x, neu voi day so (x,) batki, x, € K\ {xp}
va x, = xo thi f(x,)— L, ki hi¢u lim. f(x)=L.

b) Giéi han mét phia R

+ Cho ham s6 y = f{x) xac dinh trén khoang (a ; xo)-

Ham s6 f(x) c6 gi6i han bén tréi la s6 L khi x dan t6i x, néu véi day s6 (x,) bét ki,
a<x, <x,va x, = xp thi f(x,)—>L.kihigu lim f(x)=L.

x X5
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+ Cho ham s6 y = f{x) xac dinh trén khoang (xq: D).
Ham 6 (x) ¢6 gi6i han bén phai 1a s6 L khi x dan t6i x;, néu véi day 6 (x,) bit ki,

Xy <%, <bva X, > xg thi /(x,)—> L, ki hiéu lim+f(x):LA
X =X,

Chuy: lim f(x)=L khivachikhi lim f(x)= lim f(x)=L.
0

X =X, X =Xy X = X
¢) Gi6i han hitu han cia ham sé tai vé cuc
+ Cho ham s6 y = f{x) xac dinh trén khoang (a ; + ).

Ham s6 f{x) c6 gi6i han 1a s6 L khi x dan t6i duong v6 cuc néu voi day sé ) bt

ki,x, >ava X, >+ thi f(x,)—>L.kihiéu lim f(x)=L.
X >+

+ Cho ham 6 y = f{x) xac dinh trén khoang (0 ; a).
Ham s f{x) ¢6 gi6i han 1a s6 L khi x dan t6i am vo cuc néu véi diy sb ) bt ki,

x,<ava x, >— thi [(x,)—>L, kihieu lim f(x)=L.
X —»—°

d) Gi6i han vé cuc (mdt phia) ctia ham s tai mot diém
+ Cho ham 6 y = f{x) xédc dinh trén khoang (a ; + o).
Ham s6 f(x) c6 gii han 1a + o khi x — @' néu voi ddy sb (x,) bat ki, x,>ava
X, > a thi f(x,) >+, kihiéu lim f(x)=+0c.
x—>a*
« Cac truong hop  lim f(x)=-co; lim f(x)=+c0; lim f(x)=— dugc
x—>a* x—>a X >a
dinh nghia tuong tu.
¢) Gi6i han vo cuc ciia ham s6 tai vo cuc
+ Cho ham s6 y = f{x) xac dinh trén khoang (a ; + ).
Ham s6 /{x) ¢6 gi¢i han la + o0 khi x dan t6i dwong vo cuc néu voi day s6 (x,) bat ki,

x,>ava X, =+ thi f(x,)—>+o, ki hi¢u xgnlmf(x):+oo.

e Céactruong hop lim f(x)=—o; lim f(x)=+, lim f(x)=—o duoc
X >+ X —>-—o X —>—®
dinh nghia tuong tu.
2. Mt s6 két qua giéi han co ban

o lim x=xp;
B>y

¢ lim c=c, vdiclahang so;
X =Xy
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*Giasa lim f(x)=L va 11m g(x) M (L, M eR). Khi d6:

l*)XO
lim [/(x)+g(x)]=L+M; lim [f(x)-gX)]=L-M;
X*)xo X*)xo
lim [f(x).g(x)]=L.M; lim f®_L (néu M #0);
x =¥ ¥ ox gx) M

-Neuf(x)>0va 11m f(x) Lthi L0 va lim Jf(x)=+L:

X =X,

+ Véi ¢, k la cac hiang s6 va k nguyén duong, ta luén co:

. ; ; o : [
lim c¢c=c¢; lim c=c¢; lim ——=0; lim —k=0;
X 4o xX—>-» X =+ x x —>—o x

« Cac phép todn trén gioi han hiru han ciia ham s6 khi x — xp van con ding khi
x —>+0 hodc x > —w;

: . 1
* lim =+ o0, lim
x—>a*x—a x—>a X—a

=—00}
« V6i k 1a s6 nguyén duong, ta co:

lim xk=+co lim xk—+oo(kchan) lim xk=—oo(klé).
x>+ xX—>—m» i 2O

B.ViDUy
Vin dé 1. Xic dinh giéi han ciia ham s6 bang dinh nghia

Vidyu 1/ Xét ham s6 f(x)—

~ voix# 3.
-3
Chimg minh ring lim f(x)=6.
x—>3
Giai

Gia su (x,) la day s6 bat ki, thoa man X, #3va limx, =3.

2
Xn =9 =1lim (3 _3)(xn +3)

Ta co: lim f(x,)=lim
%, —3 %, -3

=lim(x,, +3) =limx,, +1im3=3+3=6. Vay lim f(x)=6.
x—>3
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Vién dé 2. Tinh giéi han ciia ham s6 bang mét s6 két qua gioi han co ban

Vidy2/Cho lim f(x)=2.Ching minh ring: lim PACISY
x=1

x—o>1 2
Giai
lim f(x)
Taco: lim &—;—zzl
r—>1 2 lim 2 2
x—1

Vidy 3 | Khithuc hiéntinh lim [37(x)] biét lim f(x)=1, motban lam nhu sau:
x—>1 x—o1
lim [3/(x)]= lim f(3x)= lim f(3x)=3.
x—>1 x—1 3x >3
a) Theo em, 101 giai trén c6 dung khong? Giai thich.
b) Néu loi giai trén 1a sai, em hdy trinh bay 10i giai ding,
Giai
a) Vi khong co gia thiét 3f(x) = f(3x) nén lim [3f(x)] * lim f(3x) . Hon nira, tir

hm f (x)=1 khéng c6 co s¢ dé két luan duoc hm f (3x) 3,
b) Tacod: lim [3f(x)]= lim 3. lim f(x)=3.1=3.
x—1 x—>1 x-1

Vi dy 4 | Tinh cac gi6i han sau:
2_
a) lim (x> +x+2); 8 dimy s . offs s iae,
x—3 x—>-1 3x-2 x—>2
Giai

a) hm (—x +x+2) = hm (— x )+ Iim x+ lim 2=—943+2=-4
-3 x—>3

5 lim (31 —2x+1)
. 3x°—2x+1 xa—
b) lim

x—>-1 3x-2 lim (3x 2)
x—>-1

lim (3x%)— lim 2x)+ lim 1
o @07 B @0 I seconn_ s
lim (3x) — lim 2 =3)—-2 5

x—>-1 x—>-1
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c¢)Taco: lim (5x2+x+4)=26 nén lim V5x2+x+4=\/%4
x—>2 x—>2

Vin dé 3. Tinh giéi han ciia ham s6 ¢6 dang E, g(C;r:O), =, L
© 0 o 0
Vidu 5 | Tinh cac giéi han sau:
. 1 2
a) lim 3 . b) lim L; ¢) lim 3x+2; d) lim M
X >+ox +2 x 3t x—3 x>+ 4x—=5 gy, Xl
Giai
2( 1) 1
2| —
2 2
a) lim 1 = lim = = lim X :9:0
,\~>+oox2+2 X—>+o0 2 2 ¥ O i 1
Li=s I+
x %
1
b —— =+
)x—+3*X—3
2 2
3+= =
TN x[ x] .
¢) lim = lim ———<= lim ==
x> +04x=5 x5+ 5) xo+0, 5 4
x| 4—= 4-=
X X
2_ i -
& tim X RGN GUCTE 4 Ge-1=21-2
o3 x-1 x—1 x-1 x—o1
Vidu 6/ Cho lim KD -5_3 Ti@elim f ).
x—>2 % x—>2
Giai
Néu lim [f(x)—5]#0 thi lim M:—whoéc im L9 =3 _ . & pidy
x—2 ¥¥2 X xpd F—2

nay mau thun véi gia thiét. Vay lim [f(x)-5]=0. Suyra lim f(x)=5.
x>2 x—>2

¥y
Vin dé 4. Xic dinh giéi han ctia ham s6 dua vao do thi

Vidu 7 | Quan sit dd thi ham sé & Hinh 1 va cho

h . . 1
biét cac gigi hansau:  lim x); lim Xy, 0 =TT

g : xa—wf() x»+mf() 1 —>O =

lim f(x); lim f(x).

x>0 xo30F
Hinh 1
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Giai

Tur d6 thi ham sb ta co:

lim f(x)=1 lim f(x)=1 lim f(x)=-—o; lim f(x)=+ .
X —> -0 X+ o x>0 x>0

Vén dé 5. Ung dung
Vidu8/ S6 lugng xe 6 t6 vao mét duwong ham dugc cho boi cong thir
fv)= %, trong do v (m/s) 1a vin téc trung binh cia cac xe khi
0,36v% +13,2v+264
di vao duong ham. Tinh lim f(v) va cho biét y nghia ctia két qua (lam tron két
qua dén hang don vi). 20
Giai

lim 290,4v
290, 4v v— 20
Taco: lim = 3
v—200, 36v7 +13§ 2V+264 lim 0.36v"+ lim 13,2v+ lim 264
v—20 v — 20 v—>20

290,4 . 20

- 0,36 .20 +13,2. 20+ 264
thoi diém vén tc trung binh cua céc xe dat 20 m/s 1a khoang 9 xe 6 t6 trong 1 s.

~9. Tir két qua do, ta thiy luu lugng xe vao him &

C.BAITAP

12. Giast lim f(x)=L va 11m g(‘c) M (L. M e R). Phat biéu nao sau diy
lasai? * 7 %o

A lim [f(x)+g()]=L+M . B. lim [f(x)-g()]=L-M.
x =X, o
' ) f@_L
€. lim 109 g9l=L M. P e TH

13. Cho ham s6 y =f{x) x4c dinh trén khodng (g3 b). Phat biéu nao sau day la dung?
A. Néu véi day sé (x,) bt ki, Xg <X, <b va x, >xp,tacé f(x,)—>L thi
lim f(x)=L.
x - x5

B. Néu voi day s6 (x,) bat ki, x, > xp,taco f(x,)—>L thi lim f(x)=L.
x> x5

C. Néu véi day s (x,) bit ki, xg <x, <b v x, > L. taco [(x,)—>xp thi
lim f(x)=L.
x —> x5
D. Néu voi day sé (x,) bat ki, X, <Xy Va X, > Xxp, tacod f(x,)>L thi
lim f(x)=L.
x — x5
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14. Véi ¢, kla cac hang s6 va k nguyén duong thi

. e . ¢
A.  lim —k:04 B. lim —=+c0
X >+ x X —>i00
. c . e B . g
C. lim = D. lim —k=+oo hoiac lim =
x>+ ooy x >+ o0 y x>+ oy

15. Phat biéu nao sau day la dung?
A.Néu lim f(x)=L thi hm ,/ F(x)=+L.

X*)Xﬂ
B.Néu lim f(x)=L lhlLZO.
X‘)xo
C.Néu f(x)20va lim f(x)=L thiL>0va lim Jf(x):x/z
X=X X =X
D.Néu lim f(x)=L thiL>0va lim \[f(x)=+L.
X% X X,

16. Cho ham sb y = fx) xac dinh trén khoang (a ; + o). Phat biéu nao sau day

la dung?

A. Néu voi day sé (x,) bat ki, X, >a va x, >+, tacod f(x,)—>L thi
lim f(x)=L.

x—>+®

B. Néu voi ddy s6 (x,) bt ki, x, <a va x, >+, ta c6 [(x,)—>L thi
lim f(x)=L.

X —>+ o

C. Néu véi day s6 (x,) bitki, x, >a.taco f(x,)>L thi lim f(x)=L.
X —>+o

D. Néu véi day sé (x,) bat ki, x,>a va x, > L, taco f(x,) >+ thi
lim f(x)=L.

x>+

17. St dung dinh nghia, chimg minh ring:

2_
a) lim ¥ =8 b) % 4=—
x—>—2 x—>—2 x+2
18. Cho lim f(x)=4, chimg minh ring:
x—3
a) lim 3/ (x)=12; b) lim & =} c) 11m @)=
x—>3 x—>3
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19. Quan sat do thi ham sé & Hinh 2 va cho biét
cac giéi han sau:  lim f(x) hm f(x)
X >+
lim  f(x), lim  f(x).
x—(-2)* x> (-2)
20. Tinh cac gidi han sau:
a) lim ( 457 +3x+1); b) lim #
% —3 =1 —=1x"—%+3
a2 B
d) lim 26 e) li ]
x> - 02x? 43 x 2t x=2
21. Tinh cac gidi han sau:
a) lim —5x+2; b) lim ﬂ
x> - 3x+1 X >—03y2 42545
2 o=
& lim V9x +3; o) Ul 2x? 8x+6
x>-w Xx+1 o1 2 1
22. Cho fim TEZA_ 5 Ty
x—>1 x-—1

a) lim f(x); b) lim 3f(x).

x—>1 x>l
23% Cho ham s6 f{x) thoa man
x>+ o

24% Cho s thuc a va ham s6 f{x) thoaman Lim f(x)
X—>a

n [)-3 1

x—>a2f(x)+1 2

lim  f(x)=2 022. Tinh

Hinh 2

¢) lim \/3x2+5x+4;

x—>2

lim
g)xa 2 x+2’
942
¢) lim M
x>+ Xx+1
=24 2x415
g) lim —
x—>-3 x“+4x+3
im Y&

x>+ x+1°

— . Chitng minh ring;:

. Sau khi phat hién mot bénh dich, cac chuyén gia y té wdc tinh s nguoi nhiém

bénh ké tir ngay xuét hién bénh nhin dau tién bién doi theo mot ham s6 thoi gian

(tinh theo ngay) la g(1)= 45¢% -3

bénh gitra hai thoi diém 12V —*M Tinh lim

h—h
cho biét y nghia ctia két qua tim dugc.
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§3 'HAM sO LIEN TUC

A. KIEN THUC CAN NHO
1. Cac dinh nghia

a) Ham s lién tuc tai mét diém

Cho ham s6 y = f{x) xéc dinh trén khoang (a ; b) va x, € (a : b). Ham s y = f{x)

dugc goi 1a lién tuc tai x,, néu lim f(x)=f(xp).
X xD

b) Ham s6 lién tuc trén mot khoang hoic mét doan
e Ham S(j) y = flx) duogc goi la lién tuc trén khoang (a ; b) néu ham sd lién tuc tai
moi diém thudc khoang do.
o Ham s6 y = f{x) dugc goi la lién tuc trén doan [a ; b] néu ham s6 d6 lién tuc trén
khoang (a;b)va lim f(x)=f(a), lim f(x)=7(b).
g >a £ b

2. Cic dinh li
a) Tinh lién tuc cia mét s6 ham s6 so ciip co ban
e Cic ham da thie va hai ham s6 lvong gidc y = sin x, y = cos x lién tuc trén R.

o Cac ham phan thie hitu ti va hai ham s6 lugng gidc y = tan x, y = cot x lién tuc
trén timg khoang xac dinh cta ching.

b) Tinh lién tuc ciia tong, hi¢u, tich, thwong ctia hai ham lién tuc
Gia str y = f(x) va y = g(x) 1a hai ham s6 lién tuc tai diém x,. Khi do:
o Cachamsé y = f(x)+g(x), y=/f(x)—g(x) vay=f(x). g(x) lién tuc tai Xg:
%

) lién tuc tai x;, néu g(xp)#0.

(
g(x)

OHamsESy:

B.ViDU
Vin dé 1. Xét tinh lién tuc ciia ham s6 tai mot diém

Vidu I | Quan sat do thi ham s6 y = f{x) va tim £{0), xli_l':lo f(x). Tur do, cho biét
tinh lién tuc cia mdi ham sé do tai x = 0 trong mdi trwong hop sau:
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a) D4 thi trong Hinh 3; b) D6 thi trong Hinh 4.

Hinh 3 Hinh 4
Giai
a) Tir d6 thi trong Hinh 3, ta thay: f{0) = 0, xli:)no F(x)=f(0)=0.
Nhu vy ham s6 y = f{x) lién tuc tai x = 0

b) Tur dd thi trong Hinh 4, ta thay: khong ton tai gid tri cua f{x) khi x = 0 nén ham

56 flx) khong lién tuc tai x = 0.

o, IS B
Vi du 2 ) Xét tinh lién tuc tai x - 2 ciia ham sb f(x)={x N o =22
x—1

Giai

néu x<2.

Taco: i2)=1; lim f(x)= lim (x>-3)= lim x*— lim 3=4-3=1;
B> 28 x—2"

Xr " oA 21

lim f(x)— 11m (x-D= lim x- lim 1=2-1=1.
X632 e 2T > 2

Suyra lim f(x)= lim f(x)=1=£2). Vay ham s6 da cho lién tuc tai x = 2.
x— 2" x—2

Vin dé 2. Xét tinh lién tuc ciia ham s6 trén mét khoang, doan
Vidu 3 Cho ham s f(x):{x_4 neur gl
' -x néu x22.
a) Ham s6 trén c6 lién tuc tai x = 2 hay khong?
b) Ham s6 trén c6 lién tuc trén R hay khong?
Giai
a) Taco: f2)=-2;

lim f(x)= lim (x—4)=-2 b hm ()= lim (-x)=-2
x—>2 x—2

x—2"

Suyra lim f(x)= lim f(x)=£(2). Vay ham sé trén lién tuc tai x = 2.
x—2 x—2F
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b) Vaix <2, f{x) = x — 4 1a ham da thirc nén f(x) lién tuc trén (— o0 ; 2).
Véix > 2, f{x) =—x la ham da thirc nén f{x) lién tuc trén (2 ; +0).
Ngoai ra, theo cau a ta co ham sb S(x) lién tuc tai x = 2.

Vay ham 6 da cho lién tuc trén R.

Vén dé 3. Tim gi4 tri tham s6 dé ham s4 lién tuc
- ; +1 néu x=#3
Vidu4) Chohimsé f(xy={" " "% *
a néu x=3.
Tim a dé ham s f{x) lién tuc trén R.
Gidai
Véi x#3, fix) = x + 1 1a ham da thirc nén ham s6 f{x) lién tuc trén mdi khoang
(= 3)va (3; +).
Taco: f3)=a; lim f(x)= lim (x+1)=3+1=4.
x—3 x—3
Dé ham s6 lién tuc tai x =3 thi lim f(x)= f(3). Suyraa = 4.
x—53
Vay ham s f{x) lién tuc trén R khia = 4.
Vin dé 4. Ung dung
Vidu5 | Hinh 5 biéu thi do cao & (m) cua mot
qua bong duoc da lén theo thoi gian ¢ (s), trong do
h(t)=at® +bt.
a) Dua vao db thi, tim a, b.

b) Chimg minh rang ham s6 A(7) lién tuc trén khoang

0:3).

¢) Véi m thude (0 ; 3), tinh  lim A(7). Cho biét y
& X t—>m

nghia cua ket qua.

Gidi

a) Dwa vao Hinh 5 ta thiy quy dao qua bong di qua diém c6 toa do (3 ; 0) va (1 ; 2).
Suyraa=-1,b=3.

b) T cau a, ta co: h(f) =— 243t Vi h(f) la ham da thie nén A(f) lién tuc trén R, ma
(0: 3) = R nén A(?) lién tuc trén (0 ; 3).

¢)Véime (0:3).taco: lim h(t)= lim (= > +3f)=— m? +3m= h(m). Khi din
i o tom t—>m .
161 thoi diém m bat ki thude (0 ; 3) thi qua bong dan dat do cao i(m).
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Vi du 6 | Mot bii db xe tinh phi 60 000 dong cho gio dau tién (hodc mét phan cua
gio du tién) va thém 40 000 dong cho mdi gior (hodc mdt phin cua mdi gio) tiép
theo, t6i da 1a 200 000 ddng,

a) V& do thi ham s C = C(f) biéu thi chi phi theo thoi gian d6 xe.

b) Ham s6 do c6 lién tuc trén [0 ; + ) khong?

¢) Giatri lim C(f) co ton tai khong? Khi mot nguoi co thoi gian db xe tang dan
t—>3

dén 3 gioy va mot nguoi c6 thoi gian db xe giam dan dén 3 gio thi chénh 1éch chi phi

gitra hai nguoi co giam di khong?

C (dbng)
Giai 200 000 —
a) P4 thi ham s6 C = C(f) dugc thé hién trong 180000 3
HInkG, 140 000 —

b) Tur db thi ta thiy ham s6 bi gian doan tai
t=1(giv); t =2 (giv); 1 =3 (giv); 1 = 4 (gi®) 100000 1 =
nén ham s6 khong lién tuc trén [0 ; + ).

. 60000 fe—i !
¢) Tir do thi ta co: i :
lim C(r)=180 000, lim C()=140 000. A
t—>3 t—>3 ol 123

M)
Vi lim C(#)# lim C(f) nénkhéngtontai lim C(r).  inh6
t—3" t—>3 t—>3
Nhan théy khi mot ngudi ¢ thoi gian d6 xe ting dan dén 3 git va mot ngudi ¢
thoi gian dd xe giam dan dén 3 gio thi chénh l¢ch chi phi gitra hai nguoi luon la
180 000 — 140 000 = 40 000 (dong), nhur vay chénh léch chi phi giita hai nguoi
khéng giam di.
C.BAITAP
26. Phit biéu nao sau day la ding?
A. Ham s6 y = f{x) lién tuc tai x = a khi va chi khi lim f(x)= f(a).
X —>a
B. Ham s6 y = f{x) lién tuc tai x = a khi va chi khi lim ()= f(a).
X—>a
C. Ham s6 y =(x) lién tuc tai x = a khi va chi khi  lim _f(x) = f(a).
X3 @
D. Ham s6 y = fix) lién tuc tai x = a khi vachikhi lim f(x)= lim f(x).
x—>a x=>a"
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27. Cho dd thi ham 6 y = f(x) trong Hinh 7.
Phat biéu nao sau day la sai?
A. Ham s6 y = f{x) khong lién tuc tai x = 1.
B. Ham s6 y = f{x) khong lién tuc tai x = 3.
C. Ham s6 y = fix) khong lién tuc tai x = 5.

D. Ham s y = f{x) khong lién tuc tai x = 0.

28. Quan st d thi ham s trong Hinh 8 va cho y
biét ham s6 do c6 lién tuc:

a) Tai x= % hay khong. ry=

b) Trén khoang (— = ; 0) hay khong.

oIt

29. Xét tinh lién tuc cia cic ham s6 sau: T

a) f(x)=— 2+cosx; ng

b) g(x)=3x3+2—i2; Hinh 8
Xt

2x+3] 3£-1
+

iy & v

y 2 _x néu x>1
30. Chohamsé 7(x)=1" ~*© "% ¥=
x+a neu x<lL.
a) Vo1 a = 2, xét tinh lién tuc cua ham sdtaix=1.
b) Tim a dé ham s6 lién tuc trén R.
31. Theo quyét dinh sé 2019/QD-BDVN ngay 01/11/2018 cua Toéng cong ty
Buu dién Viét Nam, gia cude dich vu Buu chinh phé cap déi voi dich vu thu
o ban va buu thiép trong nude co khéi lugng dén 250 g nhu trong bang sau:

Khéi lwong dén 250 g Mikc cuée (ddng)
Dén 20 g 4000
Trén 20 g dén 100 g 6000
Trén 100 g dén 250 g 8 000

a) Hay biéu dién s tién phai tra khi sir dung dich vu thu co ban va buu thiép theo
khéi lugng cua thu co ban va buu thiép.

b) Ham s trén co lién tuc trén tap xac dinh hay khong?
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BAI TAP CUOI CHUGNG IIi

32. Cho limu, =2, lim v, = 3. Khi do, lim(u, +v,) bfmg:

A.6. B.5. C. 1 D.2.
33. Cho lim u, =3, lim v, =+ 0. Khi d6 lim L bing;
Iln
A3 B. — . C. + oo, D. 0.
110 hai dav s v = 2 2
34. Cho hai day s0 v6i (,), (v,) VOi u, =1—;, v, = 4+mA
Khi do, lim(u,, +4v,,) bing:
A.3. B. 4. C.s. D.2.
35. Biéu dién dudi dang phan s6 cua 1,(7) la:
7 10 10 16
A — I— ) =3 it
9 B3 CB D.~5
36. Cho lim f(x)=5.Khido, lim 2f(x) bing:
x—2 x—2
A.5. B.2. C. 10. D.7.

37. Giast lim f(x)=4, lim f(x)=2. Khido lim f(x) bang:
x—3 x—>3 x53

A. 4 B.2. C.6. D. Khéng ton tai.

38. Néu lim f(x)=+ o thi lim [—f(x)] bing:
X —a XxX—>a

A. +o0. B. — . C.a D.—a.
39. Quan sat d6 thi ham s trong Hinh 9 va cho biét: »

a) lim f(x) bang:

x >+ o

A.2. B. 1.

C. + o0, D. — 0.

b) lim f(x) bing:
x> 0"

A.2. B.L

G0 D. — 0. Hinh 9

82

Poc ban méi nhét trén hoc10.vn Ban mau



¢) Ham s6 y = f{x) lién tuc trén khoang:

A.(—x;1). B. (- ; + ). €15 +%0), D.(-x;2).
40. Ham sé nao sau day khong lién tuc trén tap xac dinh ctia n6?
" {O néu x<0

1
A.y=x. B. y=—. .
Sl ¥ 1 néux=0.

C.y=sinx.
41. Ham s6 y = tan x gian doan tai bao nhiéu diém trén khoéang (0 ; 2m)?

A.0. B. L C.2. D.3.
42. Tinh cac gi6i han sau:

.
2 Hmar b b) lim—22; ¢) lim| 24— .
5 2n 4
2 . lo,2 7 n
d) hm#' o) nmw; 2 im_t4-9"
2n” —n+5 n=>5 3.4749"

43* Cho tam giac T, | €6 dién tich bang 1. Gia str c6 tam gidc 7. 5 dong dang voi tam
gidc 7}, tam giac Ty dong dang véi tam gidc T, ..., tam gidc 7, dong dang véi
tam gide 7, | voi ti s6 déng dang — (k >1). Khi » tién t6i v6 cung, tinh tong

dién tich cua tit ca cac tam gidc theo k.

44. Tinh cac gioi han sau:

2+ e
35 1 -5
a) lim 3x, b) lim —— ¢) lim %,
x> -oxt—1 x 2" X— 3 x—>-3" x+3
2 (1.2
d) lim 14x+2; e) lim 2 g) lim M;
x> -—w—7x+1 x—>+m3x+5 x>-—m XxX+2
2
) Him, Sl g L XD, Bl — A
x> 1x2—1 x>2 x-2 x 3 x243x-18

45% Cho ham s6 f(x)=

i Y -

néu x=2.

Tim a dé ham sé lién tuc trén R.
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46. Mot bé chtra 5 000  nude tinh khiét. Nude mudi co chua 30 gam mudi trén mdi
lit nude duge bom vao bé voi tée do 25 Iphit.
a) Ching minh ring ndng dé mudi ciia nuée trong bé sau 7 phit (tinh bing khdi
30t
200+¢

lwong mudi chia thé tich nuéc trong bé, don vi: g/l) 1a C ®=

b) Tinh lim C(#) va cho biét ¥ nghia ctia két qua do.
t—>+ow

> L3I GIAI - HUGNG DAN - DAP SO

§1 GIGI HAN CUA DAY SO
1.B. 2.D 3.A. 4.C 5.D.

P ! D L s . .
6. Xeétday so (u,) co u, = <~ Gia str /1 1a s6 duong bé tuy y cho trude. Ta co:

=L. Do dé:|un‘<hc>%<hc>l<ﬁ c>n>i. Vay voi
n n

n’ Jh

(GRS
2

|| =

n
G L,

céc s6 tu nhién 7 16n hon 2, thi lun‘ <h. Suyra lim 5
n

NG

4 =lim3—lim 4 =3
n+l n+l

7. a)limu, :lim(3—

5

limv, = lim(S—
3n"+2

—]=lim8—lim 7 =8
3n"+2
b) lim (u,, +v,,) = limu,, +limv,, =3+8=11;
lim (1, —v,,) = limu,, —limv,, =3-8=—35;
. . . . li
lim(uy, . v,) =limu, . limv, =3 . 8=24; llm"—"=M=z.
v, limy, 8

8. a)tw b)-w 0. d)6.

:M“-"

w=5n+l .
=lim

= =+ow. d)0.
3n2—4n+2 3_

1
9, 2. b)——. ol
a) ) 3 ) lim

3
SN‘ ~
sw‘ s Sw‘ —
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=lim —.
8n+3 543 4
n
4\
4Py (5) ! 1
g) lim lim =
3.4"-4.5" 4Y" 4
2| -4
5
15 7
10. a) — b) =
i )3

11. a) Theo d& bai, hy, :—/fzn 1 nén (h) la mot cép s6 nhan voi hy =25, cong béi

q —% Suy ra s6 hang tong quat cua day s6 (h,): h, = @

n
b) Ta co: lim 7, =lim—n=lim100 i lim(i) =100 .0=0. T gi¢i han do, ta
4

it ra duge y nghia: Khi 7 cang dan téi vé cuc thi do cao cua qua bong dat duoc
sau khi nay ngay cang nhé va do cao dé dan t6i 0.
O Tact: S, =i+ 2| 20 Q0 410
4 42 43 4"
Néu qua trinh bong nay cir tiép tuc dién ra mai, tong quing duong qua bong di
chuyén duoge la: lim S, =100+2. i @+@+...+ 100
4 42 43 4n

Vi 190, m L . 1ap thanh mét cap s6 nhan Iui v6 han voi u

AT 100 r

’ 500 3
va cong bdi g = 2, <1 néntaco limS, =100+ 2-4_- 5 Vay tong quing
o 500 1~
duong qua bong di chuyén duoc la 5 m.

§2 GIGIHAN CUA HAM SO

12.D.  13.A. 14.A. 15.C. 16.A.
85

Poc ban méi nhét trén hoc10.vn Ban mau



17. a) Xét ham s f{x) = x°. Gia st (x,,) la day s6 bit ki, thoa man lim x,, = 2.

18.

19.

20.

21.

86

Taco: lim f(x,)=limx, =(—2)>=—8. Vay lim x =-8.
X3 —2

x> —4
x+2

b) Xét ham s6 g(x) =

Gid sir (x,,) 1a ddy s6 bét ki, thoa mén x, # — 2 va lim x, =—2.

2_ 2_
14 lim(x,-2)=— 4. Vay fim *—2-
x,+2 x>-2 x+2

Ta co: lim g(x,,) =lim

a) lim 3f(x)= lim 3. lim f(x)=3.4=12.
x—+3 *—=33 =33

lim f(x)

() x>3 4 5
b JE) _x23 e 7D enfd=.
) xhglfi 4 lim 4 4 . o xhi)n3 1) :

x >3
Duwavao db thi hamsétaco:  lim  f(x)=1 Lim f(x)=1
X —>+® xX—>-o
lim f(x)=—o; lim f(x)=+ .
x> (2" x> (27
a)-6. bl c)~26. d) 0. ¢)—. gt
2
sxv2 . Tt s
a) m = lim iR
x>-w 3x+l x5 -o En. 3
x
-2 3
~2x+3 Fe
b) lim 5 = lim X _=0.
x> -03x2 42545 v o-wg 2 5
x 52
5 |« . 9+i x. 9+i
o A9x%+3 . % . %2
¢) lim ——= lim ————= lim 71=3.
x>+ x+1 x>+ ® x+1 x>+ o x[1+7)
X
m x| 9+i2 (=x). 9+32—
& lim X fm X VX
x—>-o Xx+1 XxX—>-» x+1 x—>-» ( l)
x| 1+—
x
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P — — L
& 1 2x"—8x+6 _ lim (2x—6)(x-1) _ lim 2x 6=_2
S . | x>1 (x+D(x=1) x>1 x+1

2
& fim x +2x+15= lim & x)(x+3)= lim S5-x
x>-3 x244x+3 x> -3(x+Dx+3) xo>-3x+1

=—4

22. a)Néu lim [f(x)—4]#0 thi lim M:—w hodc lim M:+ 0,
x—1 x—>1 x-1 x—>1 x-1

Diéu nay mau thuin véi gia thiét. Vay lim [f(x)-4]=0 Suyra lim f(x)=4.
x—1 x—1
b) lim 3f(x)=12.
x=¥1

i
¥(x) _ lim A CO :rloo i

2% Taco: lim = i "
Sl AT (1+7j
X xo+w x
lim x
B ,Hmf( ) 2022

Iim 1+ lim
x>+ x—>+0X

1- 3 lim 1- lim 3 |
f(x)-3 lim f(x) x>a x%af(x) 1-0 l
240 2

24% Taco: lim
¥ >a2f(0)+] "9"2+71 lim 2+ lim ——

f(x¥) x>a x->af(x)

2 5 2, .48
25, Tach: fim SWEWQ_ i, B-r 410744

t—>10 (=10 t—>10 t—10
~ lim 45([—10)(t+10)—(t—10)(t2 +107+100)
t—>10 t-10

= lim (- 2 +35t+350) =600 .
t—>10

Tir két qua trén, ta thiy téc do gia ting nguoi bénh ngay tai thoi diém
t =10 (ngay) la 600 nguoi/ngay.
$3 HAM SO LIEN TUC

26.A. 27.D.
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28.

29.

30.

31

88
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Dua vao db thi, ta c6:
a) Ham sb khong lién tuc tai x = ; vi gia tri ham sb khong xac dinh tai x = g
b) Ham s lién tuc trén khoang (— « ; 0).

a) Vi hai ham s6 y = — X va y = cos x déu lién tuc trén tap xdc dinh cua ching
1a R nén ham s6 f(x)=— x? +cos x lién tuc trén R.

b) Viham s6y = 3% +2lién tuc trén R, ham s6 y = 3 5 lién tuc trén hai khoang
o

(—%:—2) va (-2 +o0) nénhamsé g(x)=3x +2— 32
khodng (— ey — 2) VA (= 2; £0). X

lién tuc trén hai

¢ Vil ah =t

lién tuc trén hai khoang (— w0 ; —2) va (— 2+ =),

X2
ham s6 y=;x_i lién tuc trén hai khoang (— % ; 2) va (2 ; + ) nén ham s6
h(x )_2x+5 e lién tuc trén cac khoang (— ©; —2),(-2;2), (2; + «).
x+2 204
a) Voia = 2,taco: lim f(x)=0, lxm f(x) 3. Suy ra khong ton tai

x—>1"

lim £ (x). Vay ham s6 khong lién tuc tai x = 1.
x—1

b) Vi x <1 thi f{ix) =x + a lién tuc trén (— o0 ; 1). Voix > 1 thi f{x) = _xlién
tuc trén (1 ; + o). D& ham s6 lién tuc trén R thi ham s6 lién tuc taix = 1.

Khi d6 lim f(x)— 11m f(x): limlf(x):f(1)=()A

x—>1"

Nhu vay, lim f(r)— hm (x+a)=l+a=0=>a=-1.
x—>1

Viy ham sb lién tuc trén R khia =— 1.
4000 néu 0<x<20
a) Ta c6 ham sb: f(x) =146 000 néu 20<x<100
8000 néu 100 < x<250.
b) Tép xac dinh clia ham s trén 1a (0 ; 250].

Ta co:  lim f(x)=4000, lim f(x)=6000. Suy ra khong ton tai
x —20° x — 20"

lim f(x).Do do, ham sb khong lién tuc tai x = 20. Vay ham sb khong lién tuc
x— 20

trén tap xac dinh (0 ; 250].
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BAI TAP CUOI CHUGNG il

32.B. 33.C. 34.A. 35.D. 36. C. 37.D.
38. B. 39. 2) A. b) D. )G 40. D. 41. C.
42. a)+o.  b)0. ¢)2. d)-2. e)3. 24

43* Ki hiéu dién tich tam giac T, la Sn'

46.

Poc ban méi nhét trén hoc10.vn Ban mau

Vitam gidc 7, dong dang voi tam gidc T, ,voiti s6 dong dang % nén dién tich
; : 1 . ;
tam giac Tn bang k_2 dién tich tam giac Tn 9 hay S, = kLZSn,l.

1 - lap thanh mot cdp s6 nhan lui vo

N A l A . . .
Vik>1nén k—2<1.VaySl,Sz, i,
hanc6 S} =1 vacong boig = —1—

k2

Khi do, 16ng dién tich cua tit ca cac tam giac néu n tién t6i vo cung la:

1 i
S:S1+S2+...+Sn71+...:—l= 5 =
[ ]
k2
a) 0. b) + . c)—oo. d)-2. €)— oo,
1 ; 2
-2 h) —. i)—-1L k) ——=.
g) )2 ) ) 5
x> —4
Véix#2thiflx) = 3 lién tuc trén hai khoang (— o0 ; 2) va (2 ; + ).

Dé ham s6 lién tuc trén R thi ham s6 lién tuc tai x = 2.
2
Khi 86 f(2)= lim fO= lim > 2= fim (x+2J=4. Suyraa—4.
x—>2 x>2X-2 x-52
Vay ham s lién tuc trén R khi a = 4.
a) Sau ¢ phut thi lugng mudi trong bé 1a 30 . 25 . £ = 750¢ (g) va thé tich nudc trong
bé 1a 5 000 + 25¢ (). Vay ndng do mudi ctia nude trong bé sau ¢ phut la:
750t 30t

Cty=———= D).
®© 5000425t 200+t @)

by Taase dim o= dim -2
t—>+o t—+0200+1

nude trong bé ting theo thoi gian dén v6 han thi ndng do mudi ciia nudc sé ting
dan dén gia tri 30 g//, tirc 1a xép Xi néng dd mudi cua loai nudc mudi cho thém
vao bé.

=30. Theo két qua do, ta thay khi luong
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VA MAT PHANG

TRONG KHONG GIAN.
QUAN HE SONG SONG

s1 DUONG 'I'HANG VA MAT PHANG
TRONG KHONG GIAN

A. KIEN THUC CAN NHG

1. Quy tiic vé hinh biéu dién ciia mot hinh trong khong gian

« Puong thing dugc biéu dién béi duong thing, Doan thing dwoc biéu didn boi
doan théng;

« Hai duong thing song song (hodc cit nhau) duoc biéu didn boi hai dwong thing
song song (hoic cat nhau);

« Hinh biéu dién giit nguyén tinh lién thudc gitta diém voi duong thing hoic véi
doan thing;

« Nhitng duong nhin thiy dugc vé bang nét lién, nhitng dwong khong nhin thiy
dugc vé bang nét dut.

2. Cic tinh chét thira nhin ciia hinh hoc khéong gian

« Tinh chét 1: Co mot va chi mot duong thing di qua hai diém phén biét cho trude

« Tinh chit 2: C6 mot va chi mot mit phing di qua ba diém khéng thing hang
cho trude.

« Tinh chét 3: Néu mot duong thang di qua hai diém phan biét cia mot mat phéng
thi moi diém cua duong thing déu ndm trong mit phing do.

« Tinh chit 4: Ton tai bon diém khong cung nam trén mét mét phang.

« Tinh chét 5: Néu hai mit phéng phan biét c6 mot diém chung thi chung c6 mot
duong thing chung duy nhit chira tit ca cac diém chung ctia hai mat phang do.

« Tinh chét 6: Trén mdi mat phing cia khong gian, cac két qua da biét ctia hinh
hoc phing déu ding,
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3. Mot s6 cich xac dinh mit phiing

Mat phéng duoc xac dinh theo mot sé cach sau:

e Di qua ba diém khong thing hang;

« Di qua mot dudng thing va mot diém nim ngoai dudng thing do;
« Di qua hai duong thing cit nhau.

4. Hinh chép va hinh ti¥ dién

a) Hinh chop

Trong mit phing (P), cho da gidc 4 Ay 4, (n23).
Lay diém S nam ngoai (). Noi S véi cdc dinh 4,
Az, e An ta dugc n tam giac: SA]A2, SA2A3, .-
S4,4,. Hinh gém da gidc 4 4,...4, va n tam gidc
SA 1‘42’ SAZA3, . ‘S'AlnA1 goi 1a hinh chép (minh hoa & b >
Hinh 1), ki hiéu S.A\4,..4,. A
Trong hinh chop S.44,...4, . ta co: Hinh 1
— Piém S goi 1a dinh;

—Dbagidc44,...4, goila mat day.

— Cac canh cua mat day goi la canh day;

— Cac doan th:ing SA,, SAZ, e SAn goi la cac canh bén;

— Céc tam gidc SA A,. SA,A45, ..., SA, A, goi la cac mat bén.

b) Hinh ti¢ dién A
Cho bén diém 4, B, C, D khong cung nim trong mot

mit phing. Hinh gdm bén tam giac ABC, ACD, ABD

va BCD goi la hinh tir dién (hay ngén gon la tir dién)

(Hinh 2), ki hiéu ABCD. B
Trong hinh tir dién ABCD, ta cé:

— Céc diém A, B, C, D goi la cac dinh; Hinh 2
— Céc doan théngAB, BC, CD, DA, CA, BD goi la cac canh;

— Hai canh khong co diém chung goi la hai canh déi dién;

— Cac tam giac ABC, ACD, ABD, BCD goi la cac mat,

— Dinh khéng nam trén mot mit goi 1a dinh déi dién voi mét do.
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Chii y

— Hinh tir dién c6 cac mat la tam giac déu goi la hinh tir dién déu.

— MJi hinh chop tam giac 1a mot hinh tir dién.

B.ViDy

Vidu 1| Cho tir dién ABCD. Cac diém M, N lan
luot 14 trung diém cua cac canh AD va BC (Hinh 3).
Hoi bdn diém B, M, D, N ¢6 cung thudc mot mat phéng
hay khong?

Giai

Gia st bon diém B, M, D, N cung thuéc mot mat
phing. Khi dé, M thuéc mat phing (BDN) hay M
thuée mét phing (BCD). Do do, dwong thing MD
nim trong mit phiang (BCD). Suy ra, diém A thudc
mit phing (BCD), mau thuin véi gia thiét ABCD la
tor dién. Vay bén diém B, M, D, N khong cung thude
mot mat ph?mg

Hinh 3

Vidy 2 | Cho ba duong théng a, b, ¢ khéng cing nim trong mot mit phing va doi
m6t cit nhau. Chimg minh ring ba du’cng thang a, b, ¢ cing di qua mot diém, hay

con goi 1 ba duong thing a, b, ¢ dong quy.
Giai

Gia sir ba duong thing a, b, ¢ khong cung di qua mot
diém. Goi 4 1a giao diém ciia b va ¢, B 1a giao diém
clia ¢ va a, C la giao diém cua a va b (Hinh 4). Khi
do, 4, B, C d6i mot phéan biét. Qua hai duong th:;.ng
cét nhau a va b c6 mot mat phang (P). Puong thang
¢ di qua hai diém phan biét A, B cua (P) nén ¢ nam
trong (P).

Suy ra ba dwong thing a, b, ¢ cing nim trong mét
mit phing, mau thuin voi gia thiét. Vay ba duong
thang a, b, ¢ cung di qua mét diém.

Hinh 4

Vidyu 3 | Cho hinh chép tir giac S.ABCD co diy khong la hinh thang. Goi M la

trung diém ctia SA.

a) Xac dinh giao diém K cua dwong thiang CD véi mat phing (SAB).
b) Xéc dinh giao diém E cua duong thing SB v6i mit phiang (MCD).
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¢) Xac dinh giao tuyén ciia hai mat phing (SAB) va (SCD).

d) Xac dinh giao tuyén cua hai mét phang (MCD) va (SBC).

¢) Goi O 1a giao diém ciia AC va BD, I 1a giao diém cia MC va DE. Chimg minh
rang ba diém S, J, O thang hang.

Giai (Hinh 5)

a) Trong mit phiang (4BCD), goi K la giao diém
cua 4B va CD.

ViK € ABnénK € (S4B).
Vay K la giao diém ctia duong thing CD véi
mat phang (SAB).

b) Trong mat phing (SAB), goi £ la giao diém
cua MK va SB. b
ViE € MK, MK < (MCD) nén E € (MCD). Hinh 5
Vay E la giao diém cua duong thang SB voi
mit phang (MCD).

¢) Hai mat phing (SAB) va (SCD) ¢6 diém S chung. Do K € CD nénK e (SCD). Ma
K e (SAB). Suy raX la diém chung cua hai mat phang (S4B) va (SCD). Vay giao
tuyén cua hai mat phang (S4B) va (SCD) la duong thang SK.

d) Hai mit phing (MCD) va (SBC) c6 diém C chung. Do E € SBnén E € (SBC). Ma
E € (MCD). Suy ra E la diém chung cua hai mat phang (MCD) va (SBC). Vay
giao tuyén ctia hai mat phang (MCD) va (SBC) la duong thang CE.

¢) Ta co S va O cung thude hai mit phing (SAC) va (SBD). Mat khac ta c6:
IeMCnénle (SAC),I € DE nén [ € (SBD).

Suy ra ba diém S, 7, O cung thugc hai mat phang phén biét (SAC) va (SBD) nén S,
I, O nam trén giao tuyén cua hai mit phing do. Vay ba diém S, Z, O thing hang.

Vidyu 4 | Cho hinh tir dién ABCD. Goi I la trung diém ctia canh CD va M, N lan
luwot 1a trong tam cua cac tam giac BCD, ACD.
a) Chimg minh rang cac diém M, N thuéc mét phang (4BI).

. . GM GN 1
b) Goi G la giao diém cta AM va BN. Chung minh rang: =—=—.
GA GB 3
¢) Goi P, O lan luot la trong tim cac tam giac DAB, ABC. Ching minh rang cac
p ; P Gl 1
duong thang CP, DQ cung di qua diecm G va — = —Q— =—
GC GD 3
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Giai (Hinh 6)
a)Do M la trong tam cua tam giac BCD nén
M € BI. Suy raM € (ABI). Twong tu, N € Al
nén N e (4BI). Vay cac diém M, N thudc
mit phing (4BI).
b) Do M, N lan luot 1a trong tim cia céc tam giac
IM _IN 1

BCD, ACD nén —— — . Xét tam giac
MB NA 2

ABI taco: ﬂ = & nén theo dinh li Thales dao,
MB NA

suy ra MN // AB.

Theo dinh li Thales trong tam giac, ta c6:
GM_ON_MN_IM_1

GA GB 4B IB 3
¢) Chimg minh tuong tr cdu b, ta c6 AM va DQ cit nhau tai diém G’ va
GM _GO 1 GO _1

—. SuyraG’=G. Do d6,DQ diquaGva ——=—
‘G4 GD 3 GD 3

GP 1
Chung minh tuong tu, ta co CP di qua G va ac = ~

C.BAITAP

1. Cho hinh chop tir giac SABCD ¢6 ABCD la hinh binh hanh. Diém M thuge
canh SC. Trong cac mat phfmg sau, diém M nim trén mit phing nao?

A. (ABCD). B. (SAC). C. (S4B). D. (S4D).
2. Cho hinh tr dién ABCD. Giao tuyén cua hai mit phing (4BC) va (CDA) la

duong thang:

A.A4B. B. BD. C.CD. D. AC.

3. Mot dd vat trang tri co bdn mat phan biét la cac
tam gidc (Hinh 7). V& hinh biéu dién cua db vat do.
4. Cho tir dién ABCD. Goi M, N lan luot la trung
diém cua AB, BC. Chimg minh ring bén diém
M, N, C. D khong ctng nim trong mot mit phing,

Hinh 7
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5. Cho hai mat phing (P), (Q) cit nhau theo giao tuyén d va hai duong thing
a, b lan lugt nam trong (P), (Q). Chimg minh ring néu hai duong thing
a, b cit nhau thi giao diém ctia chung thudc dudng thing d.

6. Cho tir dién ABCD. Trén cac canh AC, CD lan luot lay cac diém E, F sao cho
CE =3EA, DF =2FC.
a) Xdc dinh giao tuyén ctia mit phing (BEF) vé6i cic mit phing (4BC), (ACD).
(BCD).
b) Xéc dinh giao diém K cua dwong thing AD v&i mat phing (BEF).
¢) Xéc dinh giao tuyén ctia hai mat phing (BEF) va (ABD).

7. Cho hinh chop SABCD cé day l1a hinh binh hanh. Goi M, N, P lan luot 1a trung
diém ctia céc canh S4, BC, CD.
a) Xac dinh giao diém ciia duong thing NP véi mit phing (SAB).
b) Xéc dinh giao tuyén ciia mat phang (MNP) v6i cac mat phing (SAB), (SAD),
(SBC), (SCD).

8. Cho hinh chop SABCD c6 day la hinh binh hanh. Goi M, N, P lan luot 1a trung
diém cua céc canh S4, SB, SC.

a) Xéc dinh giao diém / ctia duong thing MP v6i mat phang (SBD).
b) Xéc dinh giao diém O ctia dudng thing SD véi mit phang (MNP).
9. Cho hinh chép tir gidc SABCD c6 day khéng la hinh thang. Goi O la giao diém
cua AC va BD. Trén SO lay diém [ sao cho S = 2/O.
a) Xéc dinh cac giao diém M, N lan luot cua S4, SD v6i mat phang (IBC).
b*) Chimg minh ring cac duong thing AD, BC va MN dong quy.

o  HAI BUGNG THANG SONG SONG
= TRONG KHONG GIAN

A. KIEN THUC CAN NHG
1. Vi tri twong déi cia hai duwong thing phén biét
Cho hai duong thing a va b phan biét trong khéng gian. Khi do chi xay ra mét trong
hai truong hop sau:
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Trwong hop 1: Co mét mat phing chira a va b. Khi do ta noi a va b dong phding.
Truong hop 2: Khong c6 mit phiang nao chira a va b. Khi d6 tanéi a va b chéo nhau,
hay a chéo vdi b (Hinh 8a).

b

AV

a)

Hinh 8

Khi hai duong thing (phan biét) dong phing, ta da biét co hai kha ning xay ra:

eava b comot diém chung duy nhit I (Hinh 8b). Ta néi a va b cdt nhau tai I va
kihiéulaanb={I}. Taconco thé vittan b =1.

e a va b khong c6 diém chung (Hinh 8c). Ta n6i a va b song song voi nhau va ki
hiéulaa// b.

Nhin xét: Cho hai duong thing song song a va b. C6 duy nhit mot mit phing chira

hai dwong thing d6, ki hidu 1a mp(a. b).

2. Tinh chit

« Dinh li 1: Trong khong gian, qua mét diém khéng nam trén duong thing cho
trude, c6 mot va chi mot duwong thang song song vai duong thang da cho.

« Dinh li 2 (v& giao tuyén ciia ba mat phz:mg): Néu ba mit phing doi mot cit nhau
theo ba giao tuyén phan biét thi ba giao tuyén 4y hodc dong quy, hodc doi mot
song song voi nhau.

« H¢ qua ciia Dinh li 2: Néu hai mit phing phan biét lan lugt chira hai duong thing
song song thi giao tuyén ctia chiing (néu ¢6) ciing song song v6i hai duong thing
do hodc tring v6i mot trong hai duong thing do (minh hoa & Hinh 9).

?) @ P @ © Q

a) b) 2
Hinh 9
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« Dinh li 3: Trong khéong gian, hai duong thing phan biét cing song song vdi
duong thang thir ba thi song song véi nhau.

B.ViDy
Vén dé 1. Xét vi tri twong déi ciia hai dwong thing
trong khong gian

Vidy 1/ Cho hinh chop SABCD c6 day ABCD
1a hinh binh hanh (Hinh 10). Hay xét vi tri tuong
déi cia mdi cip duong thing sau: AD va BC; SB
va CD.

Hinh 10

Giai
Vi ABCD la hinh binh hanh nén AD va BC song song voi nhau.
Vi bén diém S, 4, B, C khong cung nam trén mét mét phing nén hai duong thing
SB va CD chéo nhau.
Vin dé 2. Ching minh hai dwong thing song song

Vidu 2 Cho tir dién ABCD. Goi G, G, lan lugt
la trong tam cua cac tam giac ABC va ABD. Chimg
minh ring hai duong thing Gle va CD song song
v61 nhau.
Giai. (Hinh 11)
GoiM, N 1an luot 1a trung diém cua BC va BD. Ta co:

M

2

AG 2 AG,
MeAG va——=—1 N a =—.
€ AG) va 3 NeAG, va —= 3 ‘ B
Hinh 11

Sty At GG, // MN. Mit khi
L AN , suy ra GG, . Mat khac,

MN la duong trung binh cua tam giac BCD nén
MN /I CD. Vay G,G, // CD.

Do do

Vidu 3 | Cho hinh chop S.ABCD c6 day ABCD
la hinh thang voi 4B la day lon va AB = 2CD.
Goi M, N lan lugt 1a trung diém cua cac canh S4 A B
va SB. Chimg minh ring duong thing NC song
song véi duong thing MD. D v
Giai. (Hinh 12) Hinh 12

Poc ban méi nhét trén hoc10.vn Ban mau



1
Do MN la duong trung binh cua tam giac SAB nén MN // AB va MN = EAB .

Theo gia thiét, ta c6 CD // ABva CD = %AB . T d6 suy raMN // CD vaMN = CD,

hay ttt giac MNCD 1a hinh binh hanh. Vay NC // MD.

Vidy 4 Cho tir dién ABCD. Goi 1, J lan luot
la trung diém cua cac canh BC, CD. Trén canh
AC lay diém K. Goi M la giao diém cua BK va
AL N 1a giao diém cta DK va AJ. Chimg minh
rang dwong thing MN song song véi dwong
thang BD.

Giai. (Hinh 13)

Bamit phing (41J), (BCD), (BKD) phan biét doi
mot cit nhau theo cac giao tuyén J, BD, MN.
Trong tam giac BCD ta c6 IJ la duong trung
binh nén 1J // BD. Theo dinh li vé giao tuyén
ciia ba mat phing, ta c6 ba dwong thing 1J, BD,
MN dbi mot song song. Vay duong thing MN
song song voi duong thing BD.

Vién dé 3. Xac dinh giao tuyén ciia hai mat phing

Vidu5/ Cho hinh chép SABCD co day
ABCD la hinh binh hanh. Goi M, N, P 1an luot
la trung diém cua cac canh SA, AB, SD. Xéc
dinh giao tuyén ctia mdi cip mit phing sau:
(S4D) va (SBC). (MNP) va (ABCD).

Gidi. (Hinh 14)

a) Hai mit phang (SAD) va (SBC) c6 diém chung
Sva lan luot chira hai dwong thing song song
1aAD, BC nén giao tuyén cuia chung la duong
thing d di qua S va song song v6i AD, BC.

Hinh 13

Hinh 14

b) Do MP la duong trung binh cua tam giac SAD nén MP // AD. Hai mit phing
(MNP) va (ABCD) c6 diém chung N va lan lugt chira hai duong thing song song
la MP, AD nén giao tuyén cua ching la duong thing d’ di qua N va song song

véi AD, MP.
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Vidyu 6 | Cho hinh chép S.ABCD c6 didy ABCD la hinh binh hanh. Goi M, N, P,Q
lan luot la trung diém cia cac canh AB, BC, CD, DA; 1, J, K, L lan lugt 1a trung diém
cua cac doan thang SM, SN, SP, SQO.

a) Chimg minh ring bén diém /,J, K, L dong phéng va tir giac IJKL 1a hinh binh hanh.

b) Chtmng minh ring /X // BC.

¢) Xac dinh giao tuyén ctia hai mat phéng (IJKL) va (SBC).

Gidi (Hinh 15)

a) Vi MN, OP lan lugt la duong trung binh ctia
cac tam giac BAC, DAC nén MN // AC va
MN:%AC, QP /] AC va QP:%AC Do
do, MN // QP vaMN = QOP.

Vi IJ, LK lan Iuot 1a duong trung binh cua
cac tam giac SMN, SOP nén IJ // MN va
a4 =%]\IN, LK /| QP va LK =%QPA

Hinh 15

Do d6, IV // LK va IJ = LK.
Vay bén diém 7, J, K, L dong phing va tir gidc J/KL 1a hinh binh hanh.

b) Vi IK 1a duong trung binh cia tam giac SMP nén IK // MP. Ma MP // BC nén
IK /I BC.

¢) Hai mit phing (IJKL) va (SBC) ¢6 diém chung .J va lan lugt chita hai dwong
thing IK, BC song song v&i nhau nén giao tuyén cta hai mat phing (IJKL) va
(SBC) 1a duong thing d di qua.J va song song véi IK, BC.

C.BAITAP
10. Hai duong thing chéo nhau khi va chi khi:
A. Hai duong thing ciing nim trong mot mit phing va khéng co diém chung,
B. Hai dudng thing khong c6 diém chung,
C. Hai duong thing khéng cung nim trong mét mat phing nao.
D. Hai duong thing cing chéo nhau véi duong thing thi ba.
11. Cho ba duong thing a, b, ¢. Trong cdc ménh dé sau, ménh dé nao ding?

A. Néu a va b ciing song song vdi ¢ thi a song song v6i b.
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12.

13.

14.

15.

16.

17.

18.
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B. Néu a va b cing chéo nhau véi ¢ thi a va b chéo nhau.

C. Néu a song song véi b, b va ¢ chéo nhau thi a va ¢ chéo nhau hodc cit nhau.
D. Néu a va b cit nhau, b va ¢ cit nhau thi a va ¢ cit nhau.

Cho hinh chop SABCD ¢6 diy ABCD la hinh binh hanh. Goi M, N lan luot la

trung diém ctia SA, SC. Trong cic dudng thing sau, duong thang nao song song
voi MN?

A.A4B. B. AD. C.BD. D. AC.

Cho ttr dién ABCD. Goi M, N lan luot 1a trung diém ctia AB, AD. Giao tuyén ctia
hai mit phing (CMN) va (BCD) la dwong thing song song véi duong thing nao
sau day?

A.BD. B. CD. € BC, D. 4B.

Cho hinh chop S ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N, P, O lan lugt
la trung diém ctia S4, SB, SC, SD. Trong cac duong thing sau, duong thing nao
khong song song voi NP?

A.MOQ. B. BD. C.AD. D. BC.

Quan sat hinh cin phong (Hinh 16), hiy cho biét
Vi tri tuong doi cua céc cap duong thang a va b; a
vacibvac.

Cho tir dién ABCD. Goi M, N lan luot la trung
diém cua cac canh 4B, AD va P 1a mét diém nim
trén CD. Puong thing BC cit mit phang (MNP) Hinh 16
tai Q. Chimg minh ring PO // BD.

Cho hinh chop ti gidc SABCD. Goi G, K lan luot 1a trong tim ctia cac tam giac
SAB va SAD: M, N lan luot la trung diém cua BC va CD. Ching minh rang
GK // MN.

Cho hinh chop SABCD ¢6 diy ABCD 1 hinh binh hanh. Goi 1, J, K, L lan luot la
trong tam cua cac tam giac SAB, SBC, SCD, SAD.

a) Chimg minh rang bon diém , J, K, L dong phing va ttr giac /KT la hinh binh hanh.
b) Chimg minh ring JL // CD.

¢) Xéc dinh giao tuyén ctia hai mat phang (IJKL) va (SCD).
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S3 ' PUGNG THANG VA MAT PHANG SONG SONG

A. KIEN THUC CAN NHO

1. Vi tri twong déi giita duong thing va mit phing

« Puong thing duoc goi la ndm trong mit phang néu chung c6 tir hai diém chung
tré 1én (Hinh 17a biéu dién d nam trong (P)).

« Puong thing duoc goi la cdt nhau véi mit phang néu chung c6 mét diém chung
duy nhét (Hinh 17b biéu dién d va (P) cit nhau).

« Puong thing dugc goi la song song voi mat phing néu ching khong co diém
chung (Hinh 17¢ biéu dién d song song v&i (P)).

[T LNTL

d

dc (P dn@) =4 dl P)
a) b) )
Hinh 17

2. Diéu kién va tinh chit

« Dinh li 1 (dAu hi¢u nhin biét mét dwong thing song song véi mot mit phing):
Néu dubng thing a khong ndm trong mit phang (P) va a song song voi duong
thang a’ nam trong (P) thi a song song voi (P) (Hinh 18).

Hinh 18 Hinh 19

Hinh 20

« Dinh li 2 (tinh chit caa duong thing song song véi mit phing): Cho duong
thing a song song v6i mit phang (P). Néu mat phing (Q) chtta a va cit (P) theo
giao tuyén & thi b song song v6i a (Hinh 19).
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« H¢ qua ctia Pinh li 2: Néu hai mit phing phan biét cing song song voi mét duong
thing thi giao tuyén ctia chiing (néu c6) ciing song song voi duong thing do.

Vi dy: Cho hai mat phing phan biét (P), (Q) cit nhau theo giao tuyén b va duong

thing a. Néu a / (P) va a // (Q) thi a // b (Hinh 20).

Chit y: Cho hai duong thing chéo nhau. Khi do ¢6 duy nhat mét mat phing chira

duong thang nay va song song vdi duong thang kia.

B.ViDU
Vin dé 1. Ching minh duong thfmg song song voi mat phzlmg

Vidu 1| Cho tir dién ABCD. Goi G la trong tim
cua tam giac ABD, diém I nim trén canh BC sao

cho BI = 2IC. Ching minh ring dwong thing /G
song song v&i mit phing (ACD).

Gidi. (Hinh 21)

A

e BG 2,
Goi £ la trung diem 4AD. Ta ¢6 E € BG va BE 3 C D

ViBI=2ICnén £-4F . Do 6 C BT _2.
BC 3 BC BE 3
Suy ra IG // CE. Ma CE < (ACD) nén IG // (ACD).

Hinh 21

Vidy 2 | Cho hai hinh binh hanh ABCD va ABEF khéng cing nim trong mot
mit phing.

a) Goi O va O’ lan luot la giao diém hai duong chéo cia méi hinh binh hanh ABCD
va ABEF. Ching minh rang dwong thang OO’ song song v&i cac mat phang
(ADF) va (BCE).

b) Goi M, Nﬂl:"?m luot la trong tim cua hai tam gidc ABF va ABC. Chimg minh rang
duong thang MN song song voi mat phang (ACF).

Gidai. (Hinh 22)

a)Do OO’ la duong trung binh cua tam giac
BDF nén OO’ // DF. Ma DF < (ADF) nén
00’ /| (ADF).

Twong tu ta c6 OO’ // (BCE).

b) Goi 7 l1a trung diém cua AB. Vi M, N lan luot

la trong tdm cua hai tam giac ABF va ABC nén
M 1 IN 1

F
taco:le FMva —=—; Ie CNva —=—. Hinh 22
IF 3 c 3
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Dd%ﬂls MN //FC.
o0 dd ~ - =7~=73 Suyra %

Ma FC < (ACF) nén MN // (ACF).
Vidu 3 | Cho hinh chop S.ABCD co diy ABCD la hinh binh hanh. Lay diém M
trén canh 4D sao cho AD = 34M. Goi G, N lan luot la trong tdm cua cic tam giac
SAB, ABC.
Chitng minh rang hai dudng thing MN, NG lan
luot song song v6i cac mat phang (SCD), (SAC).
Gidai. (Hinh 23)
Goi I1a giao diém ciia hai duong chéo AC va BD.
BN 2

Do N la trong tam tam giac ABC nén — ==
Bl 3

1AM 1 AMBN

Su raﬂ—f ma — =—nén — N
YBT3y ™ up 3" 4D BD’ g 23

Do d6 MN // AB hay MN // CD. Ma CD < (SCD) nén MN // (SCD).
Goi H la trung diém cta 4B. Vi G, N lan luot 1a trong tam cua tam giac SAB, ABC
1 HG HN

G HN
nén ta co: HeSGvaH 1. :HeCNva —=—.Dodb—=——suyra
Hs 3’ HC 3 HS HC

GN // SC. Ma SC = (SAC) nén GN // (SAC).
Vin dé 2. Xac dinh giao tuyén ciia hai mat phing

Vidu 4 | Cho hinh chép SABCD c6 day ABCD 1a hinh binh hanh. Trén canh S4
lay diém M. Goi (P) 1a mat phing qua M va song song véi hai duong thing AD va
SC. Xac dinh giao tuyén ciia mat phing (P) voi cac mat phing (SAD), (SCD).
Gidi. (Hinh 24)
Vi mat phing (P) di qua M va song song véi AD,
ma AD < (SAD) nén (P) cit mit phing (SAD) theo
giao tuyén p di qua M va song song voi AD.
Goi [ 1a giao diém cua duong thing p voi SD, khi
do I thuoc mat phiang (P). Mit phing (P) di qua /
va song song v6i SC, ma SC < (SCD) nén (P) cit
mit phing (SCD) theo giao tuyén ¢ di qua I va
song song voi SC.

Hinh 24
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C.BAITAP

19.

20.

21.

22.

23.

24.

26%,

104

Boc ban

Cho duong thing a song song v6i mit phing (P). Mit phing (Q) chira duong

thing a va cit (P) theo giao tuyén b. Vi tri twong ddi gitta a va b la:

A. Cit nhau. B. Trung nhau. C. Song song. D. Chéo nhau.

Cho duong thing a song song voi mit phang (P). Khang dinh nao sau day la sai?

A. Néu c6 mit phang (Q) chira duong thing @ va cit (P) theo giao tuyén b thi
b song song voi a.

B. Trong mit phing (P) ¢6 v s6 dudng thing chéo nhau véi a.

C. Pudng thing a khéng c6 diém chung véi mit phang (P).

D. Trong mit phing (P) c6 duy nhat mét duong thing song song véi a.

Cho hai duong thing a va b chéo nhau. C6 bao nhiéu mat phang chita a va song

song voi b?

A.0. B. 1. C.2. D. V6 6.

Cho tir dién ABCD. Goi G la trong tdm cua tam giac ACD, diém M nim trén canh

AB sao cho AM = 2MB. Puong thing MG song song voi mit phing:

A. (ACD). B. (UBD). C. (BCD). D. 4BC).

Cho tir dién ABCD. Goi M, N, P, O lan luot la trung diém cia cac canh AB, AD,

BC, CD. Chimg minh ring giao tuyén ctia hai mit phing (4PQ) va (CMN)) song

song v6i duong thing BD.

Cho hinh chop SABCD c¢6 day ABCD la hinh binh hanh. Goi M, N lan luot la

trung diém cua CD, SB.

a) Xac dinh giao tuyén ciia hai mit phang (SAB) va (CDN).

b) Chimg minh rang duong thing CN song song voi mat phing (SAM).

. Cho hinh chép SABCD c6 day ABCD la hinh binh hanh. Goi M. N, P lan luot la

trung diém cua céc canh AB, CD, SA.

a) Chimg minh rang SC song song v6i mat phing (MNP).

b) Xac dinh giao tuyén ctia hai mat phing (MNP) va (SCD).

Cho hinh chop SABCD c¢6 day ABCD la hinh binh hanh. Goi M la diém chuyén
dong trén canh SC (M khéc C), (P) la mat phiang chira duong thing AM va song
song v6i BD. Chung minh ring mét phiang (P) luén di qua mét duong thing c6
dinh khi diém M chuyén dong trén canh SC.
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27. Trong cic khong gian hep, nguoi ta thuong thiét ké
ti dung quan 4o c6 canh ctra truot. Ta nay bao gém
khoang ti, canh cura truot va hai duong ray truot cho
mép trén va mép dudi canh cira (Hinh 25). Biét ring
canh ctra trugt c6 dang hinh chir nhat va co thé kéo truot
binh thuong, khi do ban Minh noi: “Puong ray truot &
mép trén ctra song song voi mit day cua ti quan 40”.
Em hay cho biét phat biéu ctia ban Minh dung hay sai? ——
Visao? Hinh 25

S4 ' HAI MAT PHANG SONG SONG

A. KIEN THUC CAN NHG

1. Vi tri twong di giita hai mat phing

Déi v6i hai mét phing phan biét trong khong gian, ¢6 hai kha ning xay ra:
o Hai mit phing duoc goi 1a cdt nhau néu ching c6 diém chung (Hinh 26a).

« Hai mat phing duoc goi la song song véi nhau néu chung khong co diém chung
(Hinh 26b).

AA‘I
A S

%

(P) cit (Q) ®)/1(Q)
a) b)
Hinh 26

2. Diéu kién va tinh chit
« Dinh li 1 (dfu hiéu nhin biét hai mat phing

song song): Néu mit phing (P) chira hai duong

thecmg citnhaua, bvaa, b cung song song voi mat

phéng (Q) thi (P) song song véi (Q) (Hinh 27). Hinh 27
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e Dinh li 2 (tinh chiét vé hai mat phang song song) Qua mét diém nim ngoai mot
mit phing cho trude co mot va chi mét mat phing song song voi mit phang da cho.

 Hé qua 1 ciia Dinh 1i 2: Néu duong thing a song
song voi mat phang (Q) thi c6 duy nhat mét mat
phang (P) chita a va song song voi (Q).

« H¢ qua 2 ciia Pinh li 2: Hai mat phing phén biét
cung song song voi mat phiang thwr ba thi song
song vdi nhau.

oDinh li 3: Cho hai mat phéng song song (P)
va (Q). Néu mit phang (R) cit mit phing P) thi
ciing cit mit phing (Q) va hai giao tuyén cia
chung song song véi nhau (Hinh 28).

Hinh 28
3. Dinh li Thalés

Néu a, a’ 1a hai duong thfmg phén biét cét ba mit
phing song song (P), (Q). (R) lan lugt tai cac diém
A,B,Cvad’, B’ C’thi

AB _ BC

A 7(Hmh29)
4B BC BCA

B. ViDU

Vién dé 1. Ching minh hai mat ph?mg song song
Vidy 1/ Cho tt dién ABCD. Ly G|, G,, G, lan

luot la trong tdm cuia cac tam giac ABC, ACD, ADB.

Chimg minh ring (G,G,G3) // (BCD).

Giai. (Hinh 30)

Goi M, N, P lan luot la trung diém cia BC, CD,
BD.

Hinh 29

ViM e 4G, va A9 _2. N ¢ 4G, va 222
a3 AN

AG, _AG,
AM ~ AN
MaMN < (BCD) nén G,G, // (BCD).

=2
3

,suy ra GG, // MN.

Chimg minh tuong tu ta cling ¢6 G,G5 / (BCD). Hinh 30
Ma G,G,, G,G, cit nhau trong mat phing (G,G,G,). Vay (G,G,G3) // (BCD).
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Vin dé 2. Xac dinh giao tuyén cuia hai mat ph&:mg
Vidu 2 | Cho hinh chop SABCD c6 day ABCD la hinh binh hanh va O 1a giao
diépl cua hai duong chéo. Mat thmg (P) di qua diém O va song song v6i mit
phang (SBC). Xac dinh giao tuyén ctua mat phang (P) voi cac mat phang (4BCD)
va (SCD).
Gidi. (Hinh 31)
Do (P) // (SBC), (ABCD) ~ (SBC) = BC, O 1a diém
chung ctia hai mat phing (P) va (ABCD) nén giao
tuyén d ctia (P) va (ABCD) la duong thing di qua O
va song song v6i BC.
Goi Nl giao diém ciiad va CD. Do (SCD) n (SBC)=SC,
(P)//(SBC), N la diém chung cua hai mat phing (P)
va (SCD) nén giao tuyén d’ cua (P) va (SCD) 1a
duong thang di qua N va song song vdi SC.

Hinh 31
Vin dé 3. Ung dung dinh Ii Thalés
Vidu 3 | Cho hai hinh binh hanh ABCD va ABEF khéng cung nim trong mot
mit phing.
a) Ching minh rang (AFD) // (BEC).
b) Goi M 1a trong tim ctia tam giac ABE. Goi (P) la mit phing di qua A/ va song
song voi mat phing (AFD). Mit phing (P) cit duong thang AC tai N. Tinh T
Gidi. (Hinh 32) D c
a) Vi ABCD 1a hinh binh hanh nén AD // BC. y pea
Ma AD khong thuée mat phang (BEC), suy ra
AD // (BEC). Tuong tw, do ABEF la hinh binh
hanh nén AF'// BE, suy ra AF'// (BEC). Ma AD,
AF cat nhau nén (AFD) // (BEC). R
b) Goi I la giao diém cua AE va BF. Hinh 32
Ta ¢6 I 1a trung diém doan AE va M 1 trong tdm cta tam gidc ABE nén M e BI

2 1
va BM=§B[=»§BF, hay FM = 2MB.

Vi (AFD) // (BEC), (AFD) // (P) nén (P) // (BEC).
Ta co duong thing FB cit ba mit phing song song (ADF), (P), (BCE) lan lugt
tai F, M, B; duong théngAC cling cit ba mat phfmg trén theo th tu tai 4, N, C.
5 AN NC AN _FM
Ap dung dinh li Thalés trong khong gian, ta ¢c6: —=—=>—+-=——=12.
FM MB NC MB
~. AN
Vay —=2.
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C.BAITAP
28. Cho dudng thing a song song v&i mit phing (P). C6 bao nhiéu mit phing chira
a va song song voi (P)?
A.0. B.1 C.2. D. V6 s6.
29. Cho mit phing (P) song song véi mit phang (Q). Khang dinh nao sau day la ding?
A. Moi duong thing nim trong (P) déu song song voi moi duong thing nim
trong (Q).
B. (P) song song v6i moi dudng thing nam trong (Q).
C. Néu mit phing (R) song song véi mét phing (P) thi mat phing (R) song song
v6i mat phing (Q).
D. Néu duong thing a song song v6i mit phiang (Q) thi dudng thing a song song
v6i mat phing (P).
30. Cho hinh chop SABCD c6 day ABCD 1a hinh binh hanh. Goi M, N, P lan luot la
trung diém céc canh 4B, CD, SA. Khing dinh nao sau day la dung?

A. (SBN) /| (DAP). B. (SBC) // (MPD).
C. (SBN) // (PMD). D. (SDN) // (MAP).
3. Chg hai hinh binh hanh ABCD va ABEF nim trong hai m3t phing phan biét.
Khang dinh nao sau diy la dang?
A. (ADF) // (BCE). B. AD // (BEF).
C. (4BC) /l (DEF). D. EC // (ABD).

32. Cho a, b la hai duong thing phan biét cit ba mit phang song song (P), (Q), (R)
1an luot tai cac diém 4, B, C vaA’, B’, C’. Khing dinh nao sau dy la sai?

AB _BC _ C4 p AB _BC _C4
"AB BC' CA” " AB  BC C4’
c AB_AB p AB_AB _ AC
"BC BC’ "BC BC’ AC’

33. Trong mit phing (P) cho tam gidc ABC. Qua A, B, C lan luot v& céc tia Ax, By,
Cz dbi mot song song voi nhau va khong ndm trong mit phing (P). Trén céc tia
Ax, By, Cz lan luot l:‘iy cac diém A’ B’, C’sao cho A4'=BB’=CC". Chirng minh
rang (ABC) // (A'B’C").
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34. Cho hinh chop SABCD c6 day ABCD la hinh thang véi day lon AD. Goi M
la trong tim cua tam giac SAD, N la diém thuéc doan thing AC sao cho
AN = %AC, Pla diém thude doan thing CD sao cho DP = %Dc Chtmg minh ring
(MNP) // (SBC).

35% Cho hai hinh binh hanh ABCD va ABEF khéng cing nam trong mot mét phing.
AM BN

Trén cac duong chéo AC, BF lan luot lay cac diém M, N sao cho _C_ﬁ

Qua M vé& duong thing song song véi AB cit AD tai M’, qua N vé& duong thing

song song Vo1 AB cat AF tai N

a) Chung minh ring (MNN") // (CDE).

b) Goi (P) la mit phing di qua M va song song v&i mit phing (AFD). Mit phing
AM 1

(P) cit duong thing EF tai I, Tmh = bitt ==
AC 3

§5  HiNH LANG TRU VA HiNH HOP

A. KIEN THUC CAN NHG

1. Hinh ling tru

Hinh gém hai da giac AAy . A, A Ay A, va cdc hinh binh hanh 44,454,

AAAS A A AA A, dwoc goila hinh lang tru, kihiéu 1A A, A A Ay A

Vi du: Hinh 33 biéu dién hinh ling tru ngii giac !

A1A743144A5A1 ,AZ ’AB ‘A4 YAS E

Trong hinh lang tru 44, .. 4 A, '4,".. 4", ta goi:

—Hai da gidc 44, .. 4 vaAd,'4," .. A "lahai mat day
cua hinh lang tru;

—Cadc hinh binh hanh 44,44, A,4545°4,°, ..,
AnA 1Al ’An "1a cac mdt bén cha hinh lang tru;

— Cac canh cua hai mat day 1a cac canh ddy cua hinh lang tru; » Hinh 33
— Cac doan th?mgAlA2 ',A2A2 L e ,AnAn "1a cac canh bén cua hinh lang try;
— Cac dinh cua hai mat day la cac dinh cua hinh lang tru.
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Nhin xét

— Céc canh bén cua hinh lang tru song song va bang nhau;

— Cac mat bén cia hinh lang tru 1a cac hinh binh hanh;

— Hai mat day cua hinh lang tru la hai da giac co cac canh twong ung song song va
bé.ng nhau.

2. Hinh hop

Hinh hép 1a hinh lang tru ¢6 day 1a hinh binh hanh. D’ Cc

Vi dy: Hinh 34 biéu dién hinh hop ABCDA'B'CD". | _

Trong mdi hinh hop, ta goi:

— Hai mat khong co dinh chung la hai mat déi dién;,

— Hai canh song song khong ndm trong mot mat la C
hai canh doi dién;

—Hai dinh khéng thudc cing mét mat la hai dinh A
doi dién; Hinh 34

— Poan thing néi hai dinh d6i dién 1a duong chéo.

Nhdan xét: Hinh hop la mot hinh lang tru nén hinh hép co6 cac tinh chét cua hinh

lang tru, ngoai ra:

— Cac mat cua hinh hop 1a cac hinh binh hanh;

— Hai mat pha:mg lan luot chtra hai mat déi dién cua hinh hop song song voi nhau.

B.ViDy
Vin dé 1. St dung dinh nghia va cic tinh chit cia hinh Ling tru
Vi dy I | Cho hinh lang tru tam giac ABC.A'B’C". Goi
E, Flan luot la trung diém cua cac canh AC vaA'B’.
a) Ching minh rang EF // (BCC'B’).
b) G(_)i I 1a giao diém cua duong thing CF véi mat
phing (AC 'B). Chimg minh rang / 1a trung diém cta
doan thing CF.
Gidi. (Hinh 35)
a) Lay D la trung diém cua AB.
Tur gidc ABB'A’ 1a hinh binh hanh nén DF // BB’,
ma BB’ < (BB'C’C), suy ra DF // (BB'C'C).
Do DE la dudng trung binh cta tam gidc ABC nén Hinh 35
DE//BC,maBC c(BB'C'C), suyraDE// (BB'C'C).
Tir do ta co (DEF) // (BB’CC). Vi EF nim trong (DEF) nén EF // (BB'C 'C).
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b) Vi CC’ // DF (cung song song véi BB’) nén CC’ va DF nam trong cung
mét mat phang, Ta co C’D la giao tuyén ciia hai mit phing (AC 'B) va (CC ’FD)
ma / nim trén ca hai mat phing dé nén 7 thuoe C 'D.

Bén canh d6, CC’=DF =BB’, CC’// DF nén CC’FD la hinh binh hanh. Ma / 1a
giao diém ctia hai duong chéo CF va C’D nén / la trung diém cua CF.
Vin dé 2. St dung dinh nghia va cac tinh chét ciia hinh hop
Vidu 2 | Cho hinh hop ABCD.A'B'C'D".
a) Chirng minh ré“mg (ACB") /] (A°C D).
b) Goi G, G, lan luot 1a giao diém ctia BD’ vdi cac mit phing (ACB’) va (4'C D).
Chimg minh ring G. G, lan luot 1a trong tim cua hai tam giac ACB’va A'C'D.
Chimg minh ring BG, = G,G, = G,D".
¢) Ching minh rang BG, 16, "D P _p
Giai. (Hinh 36) ] o -
a) Vi ABCD.A’B’C’D’ 1a hinh hop nén 44" // CC*  py i
vaAA’=CC’, suy ratw giac ACC A’ 1a hinh binh
hanh. Do d6 AC //A°'C",maA’C’ < (A’C'D) nén
AC // (A’C D). Tuong tw, tir gidc A’B’CD ciing la
hinh binh hanhnén B'C // A’'D,ma4A’D < (4’C D) D&
suyraB’C// (A'C’D). Hinh 36
Tur do ta c6 (ACB") // (A'C D).

b) Goi O va O lan luot la giao diém hai duong chéo cua cac hinh binh hanh ABCD
VAA'B'C'D’.

Vi B’O la giao tuyén ctia (ACB’) va (BDD’B’) nén G thuée B'O. Tuong tw, G,
thudc DO .

ViDD'// BB'va DD’ = BB’ nén BDD B’ la hinh binh hanh, suy ra BD // B'D’
GO _0B _0B_1

vaBD =B’D’. Do do, ta co
GB "BD BD 2

: GO 1
Xét tam giac AB 'C c6 B’O la trung tuyén va 51§ = 3 nén G, la trong tam cua tam
1
gidc AB'C. Chimg minh tuong t, ta cling ¢6 G, la trong tam cua tam gidc 4'C'D.

BG, _ OB _1 BG, 1

-/
GD BD 2 ¥ BpT3

¢) Trong mit phang (BDD'B’), vi BD // B’'D’ nén

Tuong tw, ta cling c6 %gz = % - Tw d6 suy ra BG, =G,G, =G,D".

1m
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Vin dé 3. Xac dinh giao tuyén cia hai mat phfmg
Vidu 3 | Cho hinh hop ABCD.A'B’C’D’. Goi [ 1a giao diém cua A'C’vaB'D",

mit phing (P) di qua ] va song song véi BD’, B'C.

a) Xac dinh giao tuyén d cua hai mét phing (P) va (BCC'B").

5 , BK

b) Goi X la giao diém cua duong thang d va BC. Tinh BC

Giai. (Hinh 37)

a) Mit phang (P) di qua / va song song v6i BD’,
ma BD' < (BDD'B’) nén (P) cat mat phang
(BDD'B’) theo giao tuyén k diqualva song song
voi BD'. Goi J la giao diém cua duong thang k
V61 BB’

Mit phing (P) di qua.J va song song v6iB’'C, ma
B’C = (BCC'B’)nén (P) cat mit phang (BCC'B"
theo giao tuyén d di qua J va song song vdi B 'C.

b) Do A'B°C'D’ 1a hinh binh hanh nén / la trung
diém cua B’D’. Trong tam giac B’BD’ ¢6 1J song
song voi DB nén J la trung diém ctia BB’. Trong

Hinh 37

tam giac B'BC ¢6 JK song song v61 B’'C nén K la
trung diém cta BC. Viy % = l
BC 2
C.BAITAP
36. S6 duong chéo trong mét hinh hop la:
A 4 B. 24 C.28 D.2.

37. Cho hinh ling try tam gidgc ABC.A'B'C". Goi M, N ln luot 13 trung diém cita BC,
B’C’. Khang dinh nao sau day la ding?
A. A’ MN) Il (ACC"). B. (A'BN)// (AC'M).
C.C'M//(A'B'B). D. BN // (ACC’4’).
38. Cho hinh hop ABCD.A’B’C’D’. Khing dinh nao sau day la sai?
A. Cac mat cua hinh hop la cac hinh binh hanh.
B. Hai mat phang lan luot chira hai mat doi dién cta hinh hop song song voi nhau.
C. Cac doan thang AC’, A’C, BD’, B’D bang nhau.
D. Cac dwong thing AC’, A'C, BD’, B'D ddng quy.
112
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39. Cho hinh lang tru tam giac ABC. A’B’C". Goi M, N lan luot la trung diém cta
A’B’, B'C’. Goi d la giao tuyén ctia hai mat phing (BMN) va (ACC’A"). Khing

dinh nao sau day la ding?
A.d/IA4". B.d// BC. C.d//AB". D.d//A'C".
40. Cho hinh hop ABCD.A’B'C’D’. Mt phing (BA'C’) song song voi mit phang nao
duoi day?
A. (ACD). B. (4DD"). C.(DCD’). D. (ADC).
41. Cho hinh ling tru tam giac ABC.A'B’C". Goi M la trung diém cua 4'C".

a) Chimg minh ring A'B // (B'CM).
b) Xac dinh giao tuyén d cta hai mit phing (4BC) va (4 'BC").
42. Cho hinh hop ABCD.A'B’C’D’. Goi M, N, P, O, R, S lan luot 1a trung diém cua
cac canh AB, BC, CC’,C’'D’, D’A’, AA’. Chitng minh rang:
a) Sau diém M, N, P, O, R, S cing thuéec mot mat phéng.
b) Céc doan thing MO, NR, PS cit nhau tai trung diém cia mdi doan.
43* Cho hinh ling tru tam giac ABCA'B'C". Goi G, I, K lan luot la trong tim cac
tam giac ABC, A’'B'C’,A'B'B.
a) Chimg minh ring IK / (BCC'B’).
b) Chimng minh rang (AGK) // (4'IC).
¢) Goi () la mat phing di qua diém K vz‘l song song voi mat ph?mg (4BC).

Mt phing (@) ¢it A'C tai diém L. Tinh — 0

4% Chimg minh ring trong mét hinh hép, téng binh phuong cta bén duong chéo
bang tong binh phuong cua tit ca cac canh.

45. Phén trong ctia mot bé dung nude dugc xiy 6
dang hinh hop nhw Hinh 38. Dé xac dinh ti s6
cua d§ cao muc nudc trong bé v6i chidu cao cua
long bé, ban Minh 1am nhu sau: “Liy mét thanh
thudce thing du dai cim vao bé sao cho mét dau
cham day bé va dé thudc tya vao mép dudi cia
thanh miéng bé, danh dau diém twa. Sau do rut
thudc 1én, tinh ti s6 do dai cua phan thude chim
trong nudc va do dai cua phan thudc tir dxém
dugc danh déu den diém dau cham day bé. Ti sb
do chinh bang ti s6 cua do €a0 muc nuée trong
bé v6i chiéu cao cia long bé bé”. Ban Minh lam c6
dung khong? Vi sao?

Hinh 38
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PHEP CHIEU SONG SONG.
HINH BIEU DIEN CUA MOT HINH KHONG GIAN

A. KIEN THUC CAN NHG

1. Phép chiéu song song

a) Pinh nghia

« Cho mit phang (P) va duong thing £ cit mat phing
(P). Phép dit twong ing mdi Vdiém M trong khong
gian v6i diém M~ caa mét phiang (P) sao cho MM’
song song hoac trung v6i £ goi 1a phép chiéu song
song lén mat phang (P) theo phuong cua duwong
thang ¢ hoac noi gon la theo phuong ¢ (Hinh 39).

Hinh 39

Mit phing (P) goi 1a mdt phéng chiéu, phu’ong £ goila phu‘o‘ng chiéu, diém M’ goi
12 hinh chiéu song song (hoic dnh) cia diém M qua phép chiéu song song noi trén.

o Cho hinh . Tap hop #” gdm hinh chiéu song song cua tit ca cic diém thudc
 goi 1a hinh chiéu song song (hodc anh) ctia hinh # qua phép chiéu song song
noi trén.

b) Tinh chit

« Phép chiéu song song bién ba diém thing hang thanh ba diém thing hang va
khéng lam thay doi tht tu ba diém do.

« Phép chiéu song song bién duong thang thanh duong thing; bién tia thanh tia; bién
doan thing thanh doan thing.

« Phép chiéu song song bién hai duong thing song song thanh hai dwong thing song
song hodc trung nhau.

« Phép chiéu song song khong lam thay dbi ti s6 do dai cua hai doan thing nam trén
hai duong thang song song hodc cung nam trén mét duong thang.

2. Hinh biéu dién céia mét hinh khéng gian

« Hinh biéu dién ctia mot hinh #trong khong gian 1a hinh chiéu song song ctia hinh
S trén mot mat phang theo moét phuong chiéu nao do hoic hinh déng dang véi
hinh chiéu do.

Chit y: Mudn v& ding hinh biéu dién ctiia mot hinh khéng gian, ta phai 4p dung cac

tinh chat ctia phép chiéu song song.

« Hinh biéu dién ctia mot s6 hinh khéi don gian:
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Cac hinh sau day thuong duoc st dung lam hinh biéu din cua: hinh t& dién
(Hinh 40a); hinh hop (Hinh 40b);, hinh hop chir nhat (Hinh 40c), hinh lang tru
tam giac (Hinh 40d).

7 P B

a) b) 2 d)
Hinh 40

o Hinh biéu dién ctia mét s6 hinh phing:

— Mot tam gidc bt ki ¢6 thé coi la hinh biéu dién cia mét tam giac co dang tuy y.
— Mot hinh binh hanh bat ki ¢6 thé coi la hinh biéu dién cia mot hinh binh hanh co
dang tuy y (co thé la hinh binh hanh, hinh vuéng, hinh thoi, hinh chir nhit, ...).

— Mot hinh thang bat ki c6 thé coi la hinh biéu dién ciia mot hinh thang tuy ¥, sao
cho ti s6 do dai hai ddy ctia hinh biéu dién phai bang ti s do dai hai ddy cia hinh
thang ban dau.

— Ta thuong ding duong elip 1am hinh biéu dién cua dudng tron, tim cua elip biéu
dién cho tam ctia duong tron.

Chit y: Phép chiéu song song néi chung khong gitt nguyén ti s cuia hai doan thing

kh"(‘)ng nam trén hai duong thang song song (hay khong cung nam trén mét duong

thang) va khong gitt nguyén do 16n cia mét goc.

B.ViDU

Vin dé 1. Xdc dinh anh ciia mét hinh qua phép chiéu song song cho truéc
Vidu 1 | Cho hinh hop ABCD.A’B’C’D’. Xac dinh anh cua tam giac 4’'C’'D’ qua

phép chiéu song song 1én mit phing (4BCD) theo phuong 4 ’B.

Giai. (Hinh 41)

Goifla phép chiéu song song 1én mit phing

(ABCD) theo phuong A’B. Khi do, f bién

diém A4’ thanh diém B, bién diém D’ thanh

diém C va bién diém C’ thanh diém 7 véi

1a diém sao cho C 1 trung diém ctia DI.

Vi viy, anh cta tam giac 4'C’D’ qua phép
chiéu song song 1" 1a tam giac BIC.
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Vién dé 2. Vé hinh biéu dién ciia mot hinh trong khéng gian

Vi du 2 | V& hinh biéu dién cia:
a) M6t tam giac vuéng noi tiép trong mot duong tron;
b) Mot luc giac déu.
Giai
a) Vi tam giac vuéng ndi tiép trong duong tron ta nhan thay: tam giac c6 mét canh
la duwong kinh cua duong tron (canh di qua tam O cua duong tron) va dinh doi dién
voi canh do thude duong tron. Tur do suy ra cach vé hinh biéu dién ctia mot tam giac
vudng ndi tiép trong duong tron nhu sau:
V& hinh elip biéu dién cho duong tron. Sau do vé
doan thing 4B di qua tim O cta elip v6i A, B nim
trén duong elip. Liy diém M trén duong elip khac /A
A va B rdi nbi M véi A, M véi B. Nhu vay, ta dege 4 B
hinh biéu dién cia tam gidc vuéng AMB ndi tiép v
trong duong tron tam O (Hinh 42).
b) Véi luc gide déu ABCDEG ta nhan thay: tir giac
OABC 1a hinh thoi va cac duong chéo AD, BE,
CG cit nhau tai trung diém O ctia mdi duong. Tur 4 B

do suy ra cach v& hinh biéu dién cua luc giac déu

ABCDEG nhu sau:

V& hinh binh hanh OABC. Sau d6 v& cic diém D, © ¢
E, G sao cho O la trung diém cua AD, BE, CG rdi VA

n6i 4 voi G, G voi E, E voi D, D véi C. Nhur vay,

ta dugc hinh biéu dién cua luc giac déu ABCDEG
(Hinh 43).

Hinh 42

Hinh 43

C.BAITAP
46. Cho hinh hop ABCD.A'B'C'D".
a) Hinh chiéu song song ctia diém B’ trén mat phing (4BCD) theo phuong chiéu
A'D la:
A.DiémD.  B.DiémC. C. Diém B. D. Diém A.
b) Hinh chi'éu song song cua doan thing A’B trén mit phiang (CDD’C’) theo
phuong chiéu BC la:
A. Doan thing D'C. B. Doan thang 4D’
C. Poan thing 4B’ D. Doan thiing 4 'B.
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47. Trong cac Hinh 44a, b, ¢, co bao nhiéu hinh co thé 1a hinh biéu dién cho
hinh chop tir giac?

a) b) 9
Hinh 44

A3 B.2. C. 1. D. 0.
48. Hinh biéu di&n ctia hai duong thing cit nhau c6 thé 1a hai duong thing song song
duoc khong? Vi sao?

49. Hinh bidu dién cua hai dwong thing chéo nhau c6 thé 1a hai duong thing song
song dugc khong? Visao?

50. V& hinh biéu dién cua hinh ling tru c6 day la tam giac déu.
S1% Cho tir dién ABCD ¢6 M, N lan lugt la trung diém ctia cac canh AB, CD. Xac dinh

anh cua tir dién ABCD qua phép chiéu song song co phuong chiéu la duong thing
MN, mit phing chiéu la mat phing (Q) bét ki cit duong thing MN.

BAI TAP CUOI CHUONG IV
52. Cho bén diém 4, B, C, D khong cung thuge mét mat phé‘ing. Kh:ﬁng dinh nao sau
day la sai?
A. Bén diém A4, B, C, D da cho d6i mét khac nhau.
B. Khong ¢6 ba diém nao trong bén diém 4, B, C, D la thing hang.
C. Hai dwong thing AC va BD song song voi nhau.
D. Hai duong thing AC va BD khéng c6 diém chung.
53. Cho hinh chép SABCD c6 day la hinh binh hanh. Trén canh S4 lay diém M sao
cho MA = 2MS. Mit phing (CDM) cit SB tai N. Ti sb i_]; bang:
A. G

B. D.

N~
W —
[SERNY
B w
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S5,

56.

58.

60.

61.

62.
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. Cho tir dién ABCD. Trén canh BC lay diém M sao cho MB = 2MC. Mit phing (P)

di qua M va song song v6i mat phing (4BD) cit canh AC tai N. Ti s6 ;\If—lgbéng:

A B. L. C.2 D. 3.

4
-5
Cho tir dién ABCD. Trén canh CD lay hai diém M va N khac nhau. Chimg minh
rang cac duong thing AM va BN khéng cit nhau.

Cho mit phing (P), ba diém 4, B, C khéng thing hang va khong nam trén (P).

Chimg minh ring néu ba duong thing AB, BC, CA cat mit phang (P) lan luot tai
cac diém M, N, P thi M, N, P thing hang,

. Cho hinh chép SABCD. Goi M la trung diém cta canh SD.

a) Xac dinh giao tuyén ciia hai mit phiang (SAC) va (SBD).

b) Xéc dinh giao diém cta duong thing BM véi mat phing (SAC).

¢) Xéc dinh giao tuyén ctia mit phiang (MBC) voi cic mit phing (SAB) va (SAD).
Cho tir diégn ABCD. Goi M, N lan lugt la trung diém cua 4B, AD; P, O lan luot
thudc (fa’c canh CD, BC (P, O khéng la trung diém cua CD, CB"’)A Chirng minh
rang néu M, N, P, O cung thuéc mot mat phang thi ba duwong thang MO, NP va
AC cung di qua mét diém.

. Cho tir dién ABCD. Goi M, N lan luot la trung diém ciia AB, AD; P, O lan lugt

thude cac canh CD, BC (P, Q khéng trang cac dinh B, C, D). Chitng minh rang
néuM, N, P, O cung thuéc mot mat phing thi PQ song song vai BD.
Cho hinh ling tru tam gidc ABC.A'B'C”. Goi M, N lan luot la trung diém cta BC,
B’C’. Ching minh ring AM // (A'NC).
Cho hinh chép SABCD c6 day 1a hinh binh hanh. Goi M, N, P lan luot la trung
diém cua céc canh SB, BC, CD.
a) Chimg minh rang SC // (MNP).
b) Xac dinh giao tuyén ciia mét phing (MNP) v6i mit phang (SCD) va giao diém O
ctia dwong thiang SD véi mat phang (MNP).
¢) Xac dinh giao diém E cua duong thing SA voi mét phing (MNP).
d) Tinh ti s6 88

SA
Cho hinh hop ABCD.A'B’C’D’. Goi M, N, P lan lugt la trung diém ctia AD, B'C’, DD,
a) Ching minh riang ADC B’ 1a hinh binh hanh.
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b) Chitng minh rang BD // (AB’D"), MN // (AB’D").

¢) Ching minh ring (MNP) // (AB’D’) va BD // (MNP).

d*) Xéc dinh giao tuyén ctia mit phing (MNP) véi cac mit ciia hinh hop.

e*) Lay mét duong thing cat ba mit phang (4B°D’), (MNP), (C'BD) lan lugt tai

IJ, H. Tinh ti s§ i‘
JH

63. V& hinh biéu dién cua mot sd dd vat co dang hinh chop, hinh lang tru, ... trong
16p hoc.

> L3I GIAI - HUONG DAN = DAP SO

§1 DUGNG THANG VA MAT PHANG TRONG KHONG GIAN

A
1.B. 2.D.
M,
3. Hoc sinh tw lam.
4. (Hinh 45) B D
Gia st bén diém M, N, C, D cung thudc N -

mét mit phing, Khi do, M e (NCD) nén
M € (BCD). Nhu vay, BM < (BCD) nén
A e (BCD). Mau thuan véi gia thiét ABCD la
tir dién. Vay bén diém M, N, C, D khong cing o/
nam trong mot mit phing.
5. (Hinh 46)
Goi /la giao diém cua a va b. Khi do, / vira thude a
(P) vira thude (Q). Suy ra  thuge giao tuyén ctia
hai mit phang (P) va (Q). Vay I thudc d.
6. (Hinh47) K i
a) Vi E € (BEF), E € (ABC) va B € (BEF), V
B € (ABC) nén BE = (BEF) n (4BC).
Tuong tu ta c6 EF = (BEF) n (ACD) va
BF = (BEF) n (BCD). B D
b) Trong mit phing (ACD), liy K la giao diém
cua AD va EF. Khi d6, K € (BEF). SuyraK la c
giao diém ctia AD va (BEF). Hinh 47

Hinh 45

o

Hinh 46

F
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¢) Hai mat phiang (BEF) va (ABD) c6 hai diém chung 1a B va K. Vay giao tuyén
ctia mit phing (BEF) va mit phing (4BD) la duong thing BK.

7. (Hinh 48)
a) Giao tuyén clia mit phang (MNP) v6i mat
phing (ABCD) la duong thing NP. Trong
mit phing (ABCD), goi E 1a giao diém cua
NP vaAB. Ta ¢6 E thude AB nén £ nam trén
(S4B). Vay E la giao diém cua duong thing
NP v6i mit phing (SAB).
b) Giao tuyén ctia mat phing (MNP) voi mit
phing (SAB) 1a duong thing ME. Trong mit 4
phing (ABCD), goi F'1a giao diém cia NP va g
AD. Khi do, giao tuyén ctia mit phing (MNP)
v6i mit phing (SAD) 1a dwong thing MF.

Trong mit phing (SAB), goi K la giao diém ctia ME va SB; trong mit phang
(S4D), goi L 1a giao diém ciia MF va SD. Khi do, giao tuyén cua mit phing
(MNP) véi cac mit phing (SBC), (SCD) lan luot la cac duong thing NK va PL.
8. (Hinh49)
a) Trong mat phing (ABCD), goi O la giao
diém ctia AC va BD. Trong mit phing (SAC),
20i I 1a giao diém cua MP va SO. Vil € SO
nén I € (SBD). Viy I la giao diém cta MP
v6i mat phing (SBD).
b) Trong mit phing (SBD), goi O la
giao diém ciia NI va SD. Vi Q € NI nén
0 e (MNP). Vay O la giao diém cua SD voi
mat phing (MNP).

9. (Hinh 50)

a) Trong mat phing (SAC), goi M la
giao diém cia CI va S4. Vi M € CI nén
M e (IBC). Vay M la giao diém cua SA
v6i mit phing (JBC). Tuong tw, trong
mit phing (SBD), goi N la giao diém cta BI 4

v6i SD, khi do, N 1a giao diém cia SD véi Hir 50
mit phing (IBC).

120

Poc ban méi nhét trén hoc10.vn Ban mau



b*) Do ABCD khéng la hinh thang nén AD cit BC tai K. Ta c6 K € BC < (IBC),
K € AD < (SAD) nén K 1a mét diém chung ctia (IBC) va (SAD).

Ma MN = (IBC) ~ (SAD) nén K € MN. Vay cac duong thing AD, BC va MN
cung di qua diém K.

§2 HAI DUGNG THANG SONG SONG TRONG KHONG GIAN

10. C. 11. C. 12. D. 13. A. 14. B.

15. a va b song song; a va ¢ chéo nhau; b va ¢ cit nhau.
16. (Hinh 51)
Vi BC cit mit phing (MNP) tai O nén PO la giao
tuyén caa (MNP) va (BCD).
Ba miit phing (4BD). (BCD), (MNP) doi mot cit
nhau theo cac giao tuyén BD, PO, MN. Ma trong
tam giac ABD, vi MN la duong trung binh nén
MN // BD. Vay theo dinh li vé giao tuyén cua ba Hinh 51
mit phing, ta c6 PQ // BD.
17. (Hinh 52)
Goi P, O lan Iuot la trung diém ciia AB va AD.
Khi do, ta co E: s = E suy ra GK // PQ.
SPRSO 3
Vi PQ la duwong trung binh cua tam gidc ABD nén
PQ // BD; MN la duong trung binh cua tam giac
BCD nén MN // BD. Suy ra MN // PQ.
Tur do, suy ra GK // MN.
18. (Hinh 53)
a) Goi M, N, P, O lan luot la trung diém cua cac
canh AB, BC, CD, DA. Do MN la duong trung binh

cua tam gidc ABC nén MN // AC va MN = %AC

1
Tuong tu ta c6 OP // AC va QP = EAC Suy ra
MN // QP VA MN = QP.

Hinh 53
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Ngoai ra, ta co Lo Ll = g SuyralJ//MN va IJ = EMNA Tuong tu
SM SN MN 3 3
taco LK // QP va LK = %QP. Tir cac két qua trén, suy ra IJ // LK va IJ = LK.
Vay bén diém , J, K, L dong phing va tir giac /KL 1a hinh binh hanh.
SO SL 2 e 3 ;
b) Vi —=——== nénJL // NQ. Trong hinh binh hanh (4BCD) ¢6 NQO // CD.
SN SO 3
SuyraJL // CD.
¢) Hai mit phing (ZJKL) va (SCD) c6 diém chung 1 K va lan luot chira hai duong
thing JL va CD song song v6i nhau nén giao tuyén cia hai mét phing (I/KL) va
(SCD) 1a dudng thing d di qua K va song song véi CD.

$3 DUONG THANG VA MAT PHANG SONG SONG

19.C 20. D. 21. B. a2.C

23.

24.

122
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(Hinh 54)

Vi MN la duong trung binh cua tam giac
ABD nén MN // BD, ma MN < (CMN)
nén BD //(CMN). Vi PQ la duong trung
binh cua tam giac BCD nén PQ // BD, ma
PQ < (APQ) nén BD // (APQ).

Trong mit phang (ABC), goi I 1a giao diém
ctia AP va MC, trong mat phang (ACD), goi
J la giao diém cia AQ va NC. Khi do, IJ
la giao tuyén ciia hai mit phang (4PQ) va
(CMN). Ma BD // (CMN) va BD // (APQ)
nén IJ // BD.

(Hinh 55)

a) Trong mit phang (SAB), lay P thudc S4
sao cho NP // AB. ViAB // CD nén NP // CD.
Hai mat phing (SAB) va (CDN) c¢6 diém
chung 1a N va lan ugt chira hai duong thing
AB, CD song song v6i nhau nén giao tuyén B
ctia hai mat phang do 1a duong thing NP. Hinh 55
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b) Vi NB = NS va NP // AB nén NP=%AB.

Do M la trung diém ctua CD nén CM // AB va CM =%AB. Suy ra CM // NP

va CM = NP. Do do, tir giac CNPM 1a hinh binh hanh, suy ra CN // MP. Ma
MP < (SAM) nén CN // (SAM).

25. (Hinh 56)

a) Goi / la giao diém ctia AC v6i MN. Ta co
Ilatrung diém ctiia AC nén P/ 1a duong trung
binh cua tam giac SAC, suy ra P/ // SC, ma
PI < (MNP) nén SC // (MNP).

b) Hai mit phing (MNP) va (SCD) c6 diém
chung 1a N va lan Iuot chira hai duong thing
PI, SC song song véi nhau nén giao tuyén
clia hai mit phing (MNP)VA(SCD) A duomg~ ©  iwniss
thing d di qua N va song song v6i SC.

26% (Hinh 57)

Mit phiang (P) chira dwong thing AM va
song song v6i BD nén (P) cit (ABCD) theo
giao tuyén d di qua 4 va song song vi BD.
Vi hinh binh hanh ABCD ¢6 dinh nén duong
thing d ¢6 dinh trong (ABCD).

Vay khi M chuyén dong trén canh SC thi mat
phing (P) luén luén di qua duong thing d Hinh 57
¢6 dinh.

27. Phit biéu ctia ban Minh la ding. Vi canh ctra la hinh chit nhat va c6 thé kéo truot
binh thuong nén dudng ray trén va dudng ray dudi ctia canh cira song song voi
nhau. Pudng ray dudi co thé xem la duong thing thude mit day cia ti. Vi vay
duong ray truot & mép trén canh cira song song voi mit dy cia ti quin do.

S4 HAI MAT PHANG SONG SONG

28.B. 29. B. 30. C. 31.A. 32..D.
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33. (Hinh 58)
Vi A4’/ BB’ va A4’ = BB’ nén AA'B'B 1a hinh
binh hanh, suyraA'B’// AB. Ma AB < (ABC) nén
A'B’// (ABC).
Tuong twta c6 B'C’ // (ABC).
Twr do, suy ra (ABC) // (A’B'C").

34. (Hinh 59)

Goi £ la trung diém cua AD va I 1a giao diém ctia
NP vaEC.

nén NP // BC, suy ra NP // (SBC).

Vi NP // AD nén ta co £=ﬂ=l,

EC AC 3
Do M la trong tim cua tam giac SAD va E
trung diém cua doanAD nénM e SE va EA{ =

ES 3
Nht vy S0 M o EHSC, suy
EC ES

MI // (SBC). Tix d6, ta c6 (MNP) // (SBC).

38% (Hinh 60)
a) Ta c6 MM’ // AB, NN’ // AB nén MM’ // NN
Suy raM, M’, N’, N cing thuéc mot mat phéng.
Taco CD /| AB va EF /| AB nén C, D, F,, E cung
thuoc mot mat phzamg,

Do AB // CD nén MM’ // CD, suy ra MM’ // (CDE). Hinh 60
V‘AM AM’ . BN AN’ AM’
i - ¥ -

AN’
——=——va =—— nén ——=——, suy ra M'N’// DF, ma
AC  AD BF  AF AD  AF

DF < (CDE) nén M'’N’ // (CDE). Tw do, suy ra (MM'N’) // (CDE), do do
(MNN") /| (CDE).

b) Ta c6 dudng thing AC cit ba mat phing song song (ADF), (P), (BCE) lan lugt
tai 4, M, C; duong théng FE ciling cit ba mat phéng trén theo thir tu tai F, [, E.
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AM MC CA__ FI _AM
Ap dung dinh li Thalés t kho t —

p dung i &s trong khong gian, ta co: oI B EF CA
Ma —— ]

=—nén 1
c4 3 FE 3

§5 HINH LANG TRU VA HINH HOP
36. A 37.B. 38.C. 39.D. 40.D.

41. (Hinh 61)

a) Goi I la giao diém cua BC’ va B'C. Do tir
giac BCC'B’ 1a hinh binh hanh nén / la trung
diém cua BC’. Do d6 MI 1a duong trung binh
cua tam giac A'C B, suy ra M1 // A’B. Mat khac,
MI < (B'CM)nén A’B // (B'CM).

b) Hai mit phing (4BC) va (4’BC ") ¢6 diém chung
1a B va lan lugt chira hai duong thing song song
la AC, A°C’ nén giao tuyén cua chung la duong
thang d di qua B va song song véi AC.

42. (Hinh 62)
a) Ta co tr giadc ASPC la hinh binh hanh nén
AC // SP. Mt khac MN // AC nén MN // SP. Vay
M, N, P, S cing thugc mét mat phfmg.
Lai c6 PQ // CD’, CD’ /| BA’, BA’ /| MS nén
PQ//MS. Vay Q € (MNPS).
Tuwong tw ta ¢c6 OR // MN nén R € (MNPS).
Viy sau diém M, N, P, O, R, S cung thudc mét
mit phing,
b) Goi O la giao diém cua céc dwong chéo hinh hop. Hinh 62
Ta c6 t giac BND R la hinh binh hanh, nén hai
duong chéo BD’, NR cit nhau tai trung diém O
clia mdi duong.
Twong tu, ta chimg minh dugc OM, PS déunhan O la trung diém. Viy cac doan
théng MOQ, NR, PS cit nhau tai trung diém cua mdi doan.
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43*, (Hinh 63)
a) Goi M, N lan luot 1a trung diém cua cac

. . M .
canh B’'C’, BB". Do I, K lin hrot la trong & VV ¢
tdm cla cic tam giac A'B'C’, A'B'B nén &»«

A1 AK 2 ) Pﬂ‘
——=——=—, suy ra IK / MN. Ma

AM AN 3
MN < (BCC'B")nén IK // (BCC'B). .

. a

b) Goi P la trung diém cioa canh BC. Khi
do6, mit phing (A4GK) ciing la mit phing H‘A: o
(4B P), mit phiing (4’IC) ciing 1a mat phing "
AMO).
Tac6 B'P // MC nén B'P // (A'IC), AP /| A’M nén AP // (A’IC). Tix do, suy ra
UGK) // (A'IC),

BK 1
¢) V6i K la trong tam ctia tam giac 4 'BB’, ta nhan dugc 57 = E.Ta c6 duong

thzl).ng B4 cit ba mat ph.’ing song song (4 'B’C"), (@), (ABC) lan luot tai B, K, 4;
duong thing A'C ciing cit ba mét phing trén theo thi tw tai A°, L, C. Ap dung
dinh li Thales trong khong gian, ta co:

BK_ KA AB_ AL _BK _1 LA

——=—=—=—=——=—.Vay —‘=l.
AL LC CA LC KA 2 Lc 2
4% Trudce hét ta chimg minh mét két qua trong
hinh hoc phang: Trong hinh binh hanh, tong
binh phuong ctia hai dudng chéo bing tong
binh phuong tét ca cac canh.
Xét hinh binh hanh MNPQ (Hinh 64a). Ta c6:

MP? =OM? +QP*=20M . OP cos MQOP;

ON?=PQ*+PN?=2PQ . PN cos OPN.
Do OM = PN va cos MOP =—cosOPN nén
ta co: MP?2 +ON? =2(0M? +0P?).

Xét hinh hop ABCD.A’B'C’D’ (Hinh 64b).

Ap dung két qua trén cho hai hinh binh hanh Hinh 64
AA’C°C vaBB’D’D ta dugc:
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AC? + 4C? =244 + 4C?),

BD?+B'D*=2(BB* +B'D?).

Suyra AC?+A4C*+BD* +B'D>

=444 +2(4C? + B'D?) (Do A4’ =BB’).

Trong hinh binh hanh A'B°C'D’, ta c6: A'C’%> +B'D> =2(A'B + A'D’?).
Viy AC'? + AC* + BD'? + B'D? = 444% + 44B* + 44D,

45. Ban Minh lam nhu vay la ding. Gia st phan trong

bé nuéc va thude duge biéu dién boi hinh hop G
ABCD.A’B’C’D’ va duong thing MO. Mit nude y

dugc bicu dieén boi mat phang (ZJKL) (Hinh 65). Ax
Khi d6 (ABCD), (A'B’C’D"), (IJKL) d6i mét ,

song song, ap dung dinh li Thales trong khong . y

gian ta co: 1

Al _IA_AA __IA _NO

A _A Py _FC N Hinh 65
MN NO OM A4 OM

§6 PHEP CHIEU SONG SONG
HINH BIEU DIEN CUA MOT HINH KHONG GIAN

46.2) B. b)A. 47.A.

48. Gia str hai duong thzing a, b cit nhau tai O va hinh chiéu song song cua a, b, O
lan luot la a’, b°, O”. Nhu vay, O’ thuéc a’, O’ thude b’ Do d6 a’, b’ khong thé
song song vi co it nhit mét diém chung O’

49. (Hinh 66)
Gia str a va b 1a hai duong thing chéo nhau co
hinh chiéu song song lan luot 1a a’ va b’ 1én l
mot mét phing. Néu mit phing (a, a’) va mit
phéng (b, b’) song song v6i nhau thi @’ // b". L. !
Vay hinh chiéu song song ctia hai duong thing
chéo nhau c6 thé song song véi nhau.

7

Hinh 66
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50. Vi tam gidc bat ki c6 thé xem la hinh biéu
dién cua tam gidc déu, do do, hinh biéu dién N
cta hinh lang tru c6 day la tam giac déu co
thé biéu dién nhw Hinh 67.

S1%, (Hinh 68)

Goi f1a phép chiéu song song co phuong
chiéu la duong thing MN, mit phing chiéu
1a miat phing (Q) bit ki ¢t dwong thing MN.
Goid’,B’,C’,D’laanhcuad, B,C,D;Ila
anh cia M, N qua phép chiéu £

Vi M la trung diém ctia AB nén [ la trung
didm cia A’B* N l1a trung diém cua CD nén
I 1a trung diém cta C'D’. Do d6 tir giac
A’C’B’D’ la hinh binh hanh.

Hinh 67

Vay anh cta tr dién ABCD qua phép chiéu Hinh 68
song song f 1a hinh binh hanh 4’C'B’D’
cung voi hai dwong chéo A'B’, C’D ‘ctia no.
BAI TAP CUGI CHUONG IV
52.C. 53.B. 54.C. A

55. (Hinh 69)
Gia str hai duong thing AM va BN cit nhau.

Khi do, qua AM va BN ¢ mot mit phing = < D
(P). Do M, N thudc (P) nén dudng thing MN
ndm trong (P) hay CD nim trong (P). Suy ra &
A, B, C, D cung thuoc mét mit phiang, mau Hinh 69
thudn véi gia thiét. 4
Vay AM va BN khéng cit nhau.

B,

56. (Hinh 70) c

Do ba diém 4, B, C khéng thing hang nén
quaba didm A4, B, C c6 mot mit ph::mg, goila A
ABC). ViM € AB nén M e (ABC). Tuong ik 7

tu, ta c6 N va P déu thuoe (4BC). Suy ra
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M. N, P 1a ba diém chung ctia hai mit phing
(ABC) va (P). Do do, M, N, P cung thudc
giao tuyén cua (4BC) va (P). Vay M, N, P
thing hang.

7. (Hinh 71)

a) Hai mit phing (SAC) va (SBD) ¢6 chung
diém S. Trong mat phing (ABCD), goi O la
giao diém cua AC va BD. Khi do, SO la giao
tuyén cta hai mat phing (SAC) va (SBD).

b) Trong mit phing (SBD), goi I la giao
diém ctia BM va SO. Khi do, I € (SAC). Vay
[1a giao diém cua duong thing BM voi mit
phéng (SAC).

" Hinh 71
¢) Trong mat phang (SAC), goi N la giao
diém cua C7 va SA. Khi do, BN 1a giao tuyén
ctia hai mit phang (MBC) va (SAB). Giao
tuyén cua hai mit phing (MBC) va (SAD) la
duong thing MN.

S8, (Hinh 72)

Gia st M, N, P, QO cing thuoc moét mat
phing, Xét tam gidc ABC, do O khéng la
trung diém ctia BC nén duong thang MO
cit duong thing AC tai diém S. Khi do,
S e (MNPQ) va S € (ACD). Ma NP la giao
tuyén cua (ACD) va (MNPQ) nén S € NP.

Viy ba duong thing MQ. NP va AC cing di
qua diém .

59. (Hinh 73)

Gia st M, N, P, O cung thuéc mot mat
phéng. Do MN la dudng trung binh ctia tam
gidc ABD nén MN // BD. Xét hai mit phing
(MNPQ) va (BCD) ¢6 MN // BD va PQ la

giao tuyén. Suy ra PQ // BD.

Hinh 73
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60.

6

-

62.

130
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(Hinh 74)

Xét hinh binh hanh BCC B’ c6 MN // BB’ va
MN =BB’. Do 6, A4’ // MN va A4’ = MN
nén A4’NM la hinh binh hanh. Suy ra AM //
A'N,maA’N c(A'NC). Vay AM // (A'NC).

. (Hinh 75)

a) Do MN la duong trung binh cia tam
giac SBC nén MN // SC. Tir do suy ra
SC // (MNP).

b) Goi QO la trung diém cia SD, khi do
SC // OP. Hai mit phing (MNP) va (SCD)
6 diém P chung va MN // SC nén giao tuyén
clia hai mit phing (MNP) va (SCD) 1a duong
thing OP. Déng thoi, O 1a giao diém cia
duong thing SD v6i mit phing (MNP).

¢) Trong mat phiang (ABCD), goi I la giao
diém ctia AC va NP. Trong mit phing
(SAC), lay E thudc SA sao cho IE // SC.
Khi do, ta c6 I € (MNP) va IE // MN nén
E e (MNP) Vay E la giao diém cta S4 véi
mit phing (MNP).

d) Goi O la giao diém ctia AC va BD. Khi

déwc()g=l,8uyra—ci=l.Xéttam
co 2 CA 4
gidc SAC, taco IE // SC nén S—E-g-l
S4 CA 4
(Hinh 76)

a) Vi ABCD va BCC'B’ la cac hinh binh
hanh nén AD // BC, AD =BC vaBC // B'C’,
BC=B'C’.SuyraAD//B'C’,AD=B’C".
Vay ADC B’ 1a hinh binh hanh.

m&i nhét trén hoc10.vn
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Hinh 74

Hinh 76
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b) Vi BB’// DD’, BB’= DD’ nén BDD’B’ 1a hinh binh hanh. Do do, BD / B'D".
Suy ra BD // (AB’D’). Ta ¢ AMNB"’ 1a hinh binh hanh, suy ra MN // AB’ nén
MN /| (AB’D").

¢) ViMP // AD’ nén MP // (AB’D"), cing véi két qua cau b ta co (MNP) // (AB’D").
ViBD // B'D’nén BD /| (AB’D"), suy ra BD // (MNP).

d*) Goi E, F, K lan luot la trung diém cia C’D’, B'B, BA. Khi do, PE // MN,
NE'// MP, KF // MN nén céc diém E, F, K déu thuc mat phang (MNP). Do do
giao tuyén ctia (MNP) v6i cac mit (ADD A", (DCC’D’), (A’B’C D", (BCC'B’),
(4BB'A’) va (ABCD) lan luot 13 MP, PE, EN, NF, FK, KM.

¢*) Theo cau d, ta co (MNP) trang v6i (MKFNEP). Goi R, O lan luot la giao diém
cua AC voi MK, BD. Khi do, ta co % =1 va duong thing AC cit ba mit phing

(4B’D"), (MNP), (C’BD) lan luot tai 4, R, O. Ap dung dinh li Thales trong khong

AR RO AO IJ AR _
. Tirdo suyra —=

gian, ta c6 — o
U JH IH JH RO

63. Hoc sinh tu lam.
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